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PREFACE. 



To bring the Elements of Geometry into general use, 
is the design of this volume, and of the "Chart of Gieome- 
try" and *^ First Lessons" which precede it. 

There was once a competition between certain persons 
to be the first li^ho should see the risen sun ; and the prize 
was awarded to him who turned his face westward : because 
there the sun's effects were first discovered, in gilding 
towers, and battlements, and the mountain's brow. To 
ascertain the existence of geometry by its e^cts, let us 
turn from books to the community, and the obvious defect 
will meet us in every department of life. Few citizens know 
what these thmgs mean, or what their use. 

A question then arises, "Should this be so?'' The 
regrets of thousands prove the contrary. The learning to 
read and write is a mere preparation to receive instruc- 
tion : afler which, the learner should take hold of the pro- 
perties of things, and examine them in detail, beginning 
with the most general, and therefore the most useful. But 
are there any properties more general than those of magni- 
tude, figure, and motion ? There are none : the attribute 
of number itself is not more general, and it is certainly 
less expedient as a branch of study. The cherished motto, 
" A place for everjrthing," evinces the necessity of geom- 
etry in all the schools. The magnitude and figure of 
everything, and of the space to contain it, as well as the 
law of motion and the momentum of force which conveys 
it to the place, are certainly more worthy of consideration 
than the mere fact that it counts one. 

It is obvious from the perfection in which the elements 
of geometry have been handed down to us, that the Greeks 
taught these elements in all their schools ; that geometry 
was to them what arithmetic has been to us, namely, the 
groundwork of public instruction. See, then, the ejects 
of this practice in their works of art, their architecture, 
their sculpture, their literature, their philosophy, the spread 
« of their language, the respect paid to them by the Romans 
after the conquest of Macedonia. The advantages of a 
right education to a people are incalculable. 
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An opinion is widely entertained, namely, that algebra 
should have priority of geometry in the order of study. 
This reverses the natural order of the studies ; for what 
is algebra but a method of managing arithmetic and 
geometry ? It prepares certain general formulae, and 
teaches the reduction of them, by transposition, substitu- 
tion, elimination, &c. This may be done as an envelope 
is prepared for a letter :— the letter must be enclosed, or 
the envelope is of no use. It requires knowledge of the 
relations of numbers, of magnitudes, or figures, as the case 
may be, to dispose in an equation ttte data and qtuEsita of a 
proposition. Any simple problem will illustrate the abso- 
lute dq)endence of algebra upon geometry, and how pre- 
posterous the idea of giving it priority. Let us seek the 
ordinate of a circle from its relation to the diameter {d) 
and the abscissa (a?) : the formula is this, -/dx— x«=ordinate. 
Now, in view of the diagram, these relations are plainly 
seen ; but without it, the formula would be as abstruse to 
the juvenile capacity as the Chinese language. 

After this manner, a multitude of useful theorems are 
lost to the community, from two causes : one is the neglect 
of geometry; the other is, that the theorems are placed 
under the unfriendly umbrage of algebraic symbols ; and 
this latter calls itself the " modern improvements of sci- 
ence !" But that is no improvement in science which pre- 
cludes the general diffusion of knowledge. There is 
therefore a want of order, as well as a defect, in the parts 
which constitute the elementary education. 

Mathematical reasoning is conducted according to two 
methods ; one is called the method of andlysisy or resohi' 
Hon ; the other is called the method of synthesis, or compo^ 
sitwn. Algebra adopts the former of these; separating 
the known from, the unknown parts of a general proposi- 
tion; representing number and magnitude by symbols, 
and descending, by a succession of equivalent propositions, 
from the most complex to the simplest form. Geometry 
adopts the synthetic method, which begins at the simplest 
elements, and proceeds, by easy steps, to the more complex 
combinations ; and it is proper to remark, that this alone 
is the process by which the known and the unknown 
parts of a general proposition can be distinguished. 

It is obvious that the cost of books, on this plan, and 
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the labor of the study, are both greatly reduced ; and the 
method by previous recitations of the text, which is the 
exclusive object of the book of "First Lessons," and 
which is continued in the present volume, will enable 
teachers less proficient to use the work, without apprehen- 
sion of error or loss of time. There is, moreover, an assu- 
ranee of success connected with this system, which no 
other has given, or can give. What is the deficiency with 
all of us 1 Why have we not more men entitled to de- 
grees? The reason is this: We are not masters of the 
elements of science ; we cannot call up at will the proofs 
of many propositions: we wanted this culture when we 
were a young people ; we want it still, and should take 
heed lest we entail the same want on our posterity. 

In allusion to the peculiarities of this work, it is unne- 
cessary to be specific. Let the book be examined on its 
merits, and candidly compared with volumes of two or 
three times the size; no defect, it is believed, will be 
found in it, and it will not seem to be redundant. The 
order of Euclid has been preserved, because it has never 
been excelled ; but the repetitions which swell other edi- 
tions and perplex the learner, are here obviated by the 
plan of previous recitations. 

The demonstrations of the fifth book have been simpli- 
fied exceedingly; and in one or two instances reduced 
from two octavo pages to a few lines : not by the substitu- 
tion of symbols for words, but by a new definition of ratio^ 
and a slight alteration in the method of compounding ra- 
tios. Nevertheless, care has been taken to introduce 
notTiing which cQuld not be directly employed in drawing 
out the properties of proportionals according to the rigor 
of the Euclidian geometry. The change consists in fixing 
definitely the value of ratio agreeably to its general use in 
the mathematics. 

Mental arithmetic and mental algebra are sublimated 
abstractions, not affording the proper exercise for the ju- 
venile mind. Children are entitled to the use of their 
senses before they are required to reason : because, to rea- 
son is to combine, compare, digest, and dispose in order the 
materials received through the senses. 

Now, arithmetic furnishes an infinite variety of series, 
the terms of which have varied relations to each other: 
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but the law of each series must be known, in order to 
bring those relations into view. The relations of geometry, 
however, are presented to the eye ; — they are realities ; 
the business of the world in miniature : it reasons from 
certain datUy and furnbhes the best model of reasoning in 
things less certain. 

It was not design that brought arithmetic to occupy the 
exclusive ground it has held in the schools. Children 
could always repeat several terms of the natural series of 
numbers, and merchants could jilways sum and sever their 
gains and losses : in addition to this, the Moorish system 
of notation had come into use, carrying the series beyond 
any assignable limit. At the time of the revival of letters, 
a basis was thus provided for the study of arithmetic ; and 
to read, write, and cipher, was esteemed accomplished 
scholarship. No regard was had to the mechanical opera- 
tions of the world, or to the laws of the universe. Since 
that time, arithmetic has been compiled and re-modelled into 
a thousand forms, and algebra superadded ; but geometry, 
which should be, at least, co-ordmate with arithmetic, has 
been neglected, or left to the speculative scholar. Yet 
these elements belong to the operatives — ^to the employments 
of men ; they arm men with the skill and force of Nature, 
and imbue them with her wise designs ; they verify the 
adage that " knowledge is power." 

There is a solemn voice in the natural truths of geometry, 
which calls upon School Officers, Professors, and Teachers, 
to sow the seed, to scatter it broadcast over this national 
husbandry, to sacrifice the distinctions of learning to the 
perpetuation of a wise popular government, through the 
medium of an efficient elementary education. And this 
voice would be obeyed, and this motive deemed sufficient, 
if something great were required to be done ; but when it 
is merely to put into the hands of children the text of Eu- 
clid, to be read and recited, will they not say, " Where is 
the use of it ?" Where then is the use of scattering so 
much good wheat over the fields ? Is it all lost? No! the 
stoutest doubter expects twenty to one of the same kind. By 
the same rule, therefore, we may have twenty Euclids to 
one from the Common Schools and Academies. 

N^ York, March, 1846. 
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Defimdotts, 

1. Geometrt is the science which treats of the Bimilarity» equality* 
difference and proportions of magnitudes and of figaras of extension. 

2. A point is a position, or station in a line, at the extremities of a finite 
line, also at the meeting and intersection of tines: bat it is not the meas- 
vrinff unit, nor any part of the measure of a line. 

Cor. Hence, points are by posiUon, central, angular, sectional, or ex- 
treme. 

3. A finite line is that of which the extreme points are given. 

Note There are two classes of lines ; namely, straight and curved : 
of curves there are several species ; but the circle alone will be here con- 
sidered. Lines have lengths, but no other dimensions. 

4. A straight line is the path of a point, without curve or angle. 
Cor. Two straight lines cannot meet and part and meet again : thoy 

cannot have a common segment ; but, meeting in two points, or ooinoi- 
din^ in part, they shall coincide in all their length. 

Note. Straight Imes have certain relations to one another from their 
position ; namely, perpendicular, meeting, inmsting, parallel, and tn- 
tersecting. One lino is perpendicular to another when it makes the ad- 
jacent angles equal, or when it pends, or hangs upon the other as the 
plumbline upon the level: lines meet when they touch and do not 
cut one another ; one line insists upon another when it stands upon a 
point in the other : one line is parallel to another when it is in the sama 
plane with the other, and at all points equidistant from it : lines tnfer- 
sect one another when they pass through the same point. 

5. A circular line is the path of a moving point about a stationary one, 
at the same uniform distance from it 

6. A superficies is the iipper or outside face — ^the surface : it has two 
dimensions — ^length and breadth : it is bomidod by a line, or lines ; and 
the intersection of two superficies is a Hne. 

7. A plane is a superficies described by the lateral motion of a straight 
line ; or, by its rotary motion about one of its extreme points. 

8. A plane angle is the rotary declination of one straight line from 
another, about a stationary point in' which they meet 

Note. Angles are, by position, adjacent -or oppo$ite, interior or es^ 
torior, vertical or alternate ; by magnitude, they are acute^^right, orob» 
iuoe ; the acute and obtuse are call«i obliquo angles* Salient and re- 
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entrant uigles are the oufcwaid angtw in fortifications; the farmer are 
greater and the latter leas than half the coaipasB of the augolar point. 

9. An acute angle is anydeclinatiou of two straight lines, smaller than 
one-foorth of the compass of the angalar point 

10. A right angle is the declinatien of two straight lines to one-^orth 
of the compass of the angular- point 

11. An obtuse angle is any declination of two straight lines ^ea<er 
than one-fourth but leoe than hay the cenqmss of the angular point 

Gor. When the declination of two straight lines is equal to half the 
GompasB of the point m which they meet, &ey form no angle, but are in 
one straight line. 

12. A plane figure Is any form of a superficies, — jt is bounded by at 
least three straight lines. 

13. A circle is a plane figure enclosed by a uniformly eunred line, 
called the circumference. 

14. The centre of a circle is a point within it, equidistant from every 
point of the circumference. 

15. A ra^us is any straight line drawn from the centre to the circum- 
ference of a circle : therefore all radii of the same or equal circles are 
equal to one another. 

16. A diameter of a circle is a straight line drawn through the cen- 
tre to the circumference on either side ; — of a parallelogram is that 
straight line which joins opposite angles. 

17. A semicircle is a figure contained by the diameter and half the 
circumference. 

18. An arc is any part of the circumference of a circle, — a chord is 
the straight line which joins the extremities of the arc. 

19. A sector is the figure contained by two radii and an arc. 

20. A segment of a circle is a part cut off by a chord, — a segment of 
a line is a part cut off or distinct. 

21. Rectilineal figures are those which are enclosed by straight Imes : 
trilaterals have three sides ; quadrilaterals, four, &c. 

22. Trilateral figures, or triangles, have six parts; namely, three 
sides and three angles ; from which they take the following names : 

23. An equilateral triangle has three equal sides. 

24. An isosceles triangle has two equal sidea 

25. A. scalene triangle hhs three sides unequal. 

26. An acute-anglcKl triangle has its three angles acute. 

27. A right-angled triangle has one right angle. 

28. An obtuse-angled triangle has one obtuse angle. 

29. Quadrilateral figures, or quadrangles, are contained by four 
straight lines: of this kind are the square and oblong, the rhombus and 
rhomboid, the trapezoid and trapezium. 

30. A square has four equal sides, and four right angle& 

31. An oblong, or rectangle, has four right angles, and its opposite 
sides equal and parallel. 

32. A rhombus has four equal sides, of which the opposite are paral- 
lel ; and four oblique aingles, of which the opposite are equal. 

33. A rhomboid hiis its opposite, sides and angles equal, and all its an- 
gles oblique. 

34. A trapezoid has twfr of its opposite sides paralleL 
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35, All Other ^naiiiflateral figurwan eallad trapezia. 

^ 36. Maltilateral figures, or polygons^ are contained by five or more 
■idee ; but the triangle and square may be included in the series. They 
are called regular when they are equilateral. 

NoTB. Tlv> series of regular polygons are equiangular: it may be said 
to begin with the triangle, and end with the circle. 
T^ Greeks named the regular polygons from their angles, viz : 
A trigon has three equal angles. 

A tetragon has four "* ** 
A pentagon has five " " 
A hexagon has six " '' 
A heptagon has seven " " 
An octagon has eight " ** 
A nonagon has nine " " 
A decagon has ten " " 
An undecagon has eleven " " 
A dodecagon has twelve " - " 
A trisddcagon has thirteen equal angles ; a qnindecagon, fifteen ; and 
so upwards to infinity, which may be represented by the circle. 

37. The perimeter is the sum of the lines which bound a figure : and 
it may be remarked, although it will be hereafter proved, that under 
equal perimeterS) regular polygons contain greater areas than figures 
contain whose sides are unequal. 

Also, the perimeters of regular polygons being equal, that perimeter 
which has the ^eater number of sides, contains the greater area \ and 
the circle contains the greatest area within equal bounds. 

36. A theorem is a proposition which requires to be proved. 

39. A problem is a proposition requiring something to be done 

40. A corollary is an inference from a previous demonstration. 

41. A scholium is a remark explanatory of the preceding subject 

POSTULATES, OR PETITIONS. 

The geometer requires permisaion to move freely in space, vii : 

1. To draw a straight line from one point to aiMiyier. 

S. To produce a terminated straight line. 

3. To describe a circle about any pomt with any radios. 

AXIOMS, OR MAXIMS. 

1. Things which are equal to the same areeqnal to each other. 

2. Add equals to equals, the sums will be equal 

3. Take equals firom equals, the remainders will be equal. 

4. Add equals to unequals, the sums wBl be unequal. 

5. Take equals from unequals, the remainders will be unequal. 

6. Doubles of the same are equal to each other. 

7. Halves of the same are equal to each other. 

8. Things which coincide, or fill the same space, are equal to each 
other. 

9. The whole is equal to all its parts, and greater than its part. 

10. All right angles are equal to one another; and so are all angles 
measured by equal arcs to equal radii. 
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II. Two mteneetrngr straight lin^ cannot both be paralld to Ihe 
■ame freight line, or to each other. 

Illustration of the DefiniHons. 

The angular poiiit is marked by a letter, and when three or more 
luiee meet in a point, their extremities are lettered ; and in naming the 
angle, the letter at the angular point is lead between the other two. 




2. Pomt, central, sectional, or ex- 

treme. 

3. Lme^ straight, or curved. 

4. Straight line CI, Fig. 1. 
" Perpendicular CD to AB. 

** Jnsistmg lines CD, CI, j&c 

" Parallels AD to BH. 

'* Intereecting lines EG, DH. 

6. Superficies. 

7. Plane. 

8. Plane angle AC6. 

9. Acute do BCI. 

10. Right do BCD. 

11. Obtuse do BCG. 

12. Plane figure. 

13. Circle ADBH.' 



14. Centre C 

15. Radius CB, CE, d&c 

16. Diameter of circle orsqiuue* 

AB, DH. 

17. Semicircle ADB. 

18. Arc aiid chord AH. 

19. Sector DCI. 

20. Segment ADG. 

21. Rectilineal figures. 

22. Trilaterals. 

23. Equilateral triangle BCI. 

24. Isoeceles do ACH. 

25. Scalene do ALH. 

26. Acute angled do BCI. 

27. Right angled do BCD. 

28. Obtuse angled do BCG. 



29. Quadrilaterals, Fig. 2. 

30. Square i ^^^^„t^ ( ABCB 

31. Oblong JwctanglesS 

32. Rhombus BEFG 



33. Rhomboid GKLF. 

34. Trapezoid BCDG, 
AHID 35. Trapezia. 

36. Polygons. 



JbbreviaHons used in the following worki-^ 
^\.Y: ^^ *® nwnber of the proposition, stands few problem; Th. for 
A^Tii J&' ^^^'^ ^'^' for proposition ; ax., axiom ; cor.. coroUaty ; 
ttr^^^T P«^VP««^^5 hyp., hypothesis. The first figSo 
refers to the proposition ; the latter, to the book. ° 
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Propositions, 

1 P. To describe an equilateral triangle upon a given 
straight line (AB). 

Constnictioii* From the extreme pointa, 
A and B, with the radios AB, describe 
the circles ACE, BCD (a), interaectiiig 
each other in the point C : join C to A / 
and B (&). 

Demonstration. ABC is the reanired ' 
triangle (e) : for AB one of its sides, is 
also a radius of each of the circles (d) ; 
and the sides AC, BC, are also radii, each 
equal to AB: therefore the three sides are equal to one another (e), 
and the triangle is equilateral ; and it is described upon AB, the given 
straight line, which was to be done. 

Recite (a^, postulate 3 ; (6), post. } ; (c), definition 23 ; (<2), def. 
15; (e), axiom 1. 

Corollary. An isosceles triangle may be constructed by joiniiig 
lSb.e extreme points of two radii, 

2 P. From a given point ^A), to draw a straight line 
equal to a given straight line (BC). 

Cottstr. Join the points A, B, by the line 
AB (a), upon which describe the equilateral 
triangle AbD (&) ; produce the equal sides DA, 
DB to E, f {e) ; upon the centre B, with the | 
radius BC, describe the circle C6H ; also, upon I 
the centre D, with radius DG, describe the ' 
circle GKL {d) : AL is the retjuired line. 

Dem. From the equal radii D6, DL, take 
the equals DB, DA ; the remainden BG, AL, 
are edual (e) ; but BG, BC, are equal radii; 
therefore AL is equal to BC (/); and it is drawn from &e giren 
point A, which was to be done. 

Hecite(a),post 1; (*),prop. 1 ; (<?),port.2; (i),port. 3; («),ax. 3; 
(/), ax. 1. 
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feooK I. 



3 P. From the greater ( AB), of two given straight lines, 
to cut off a part equal to the less (C). 

CozLBtr. Draw the line AD equal to C, (a) ; 
and from the centre A, with the distance AD, 
describe the circle DEF (*). 

Dem. AD and AE are equal radii (<;); 
but AP is made equal to C ; therefore AE is 
equal to C (<2) ; and it is a part cut off from 
AB, which was to be done. 

Becite (a), prop. 2 ; (&),p08t 3 ; 

(c), def. 15; (<i), ax. 1. 




4 Th. If two triangles (ABC, DEF), have two sides 
(AB, AC) of the one, equal to two sides (DE, DF), of the 
other, each to each ; and have likewise the angles (A and 
D) contained hy those sides, equal ; their third sides (BC 
and EF) shall also be equal; and their areas shall be 
equal ; also their other angles — namely (B to E and C to 
F) those to which the equal sides are Opposite. 

Because the three given parts are A O 

adjacent in each triangle, and equal, 
each to each ; therefore, the parts B A, 
A and AC, may be applied to the parts 
ED, D and DF, so that they shall fill 
the same space (a), and. that the points 
B, A and C, shall severally coincide with 
the points E, D and F ; hence the line 
BC shall fall on the line EF, and be 
equal to it; otherwise, falling above or below the line EF, two straight 
Unes would enclose a space, which is impossible (6). Therefore, also* 
the angles at B and C shall be equal to tnose at E aud F, respectively ; 
and the areas of the two triangles shall coincide and be equal (a). 

Wherefore, if two triangles, Sx< Q. £. D. 

Becite (a), ax. 8 ; (^), cor. to def. 4. 

Note. This p^roposition is of very eeneral use in the elements : it 
helps to demonstrate the 5th and 47Ui of the first book, and many 
others. It proves the triangles ABG, ACF, in the next diagram, to b« 
equal ; as also the triangles FBC, GCB. In this case, as in all others, 
two diings are compared by means of a third; the third thing here 
taken is.a portion of space, to which each of the trtaagles is applied. 




5 Th. The angles (ABC, ACB), at the base of an isos- 
celes triangle, are equal to one another ; and if the equal 
sides (AB, AC,) be produced (to D and E), the angles 
(BCE, CBD,) below the base (BC^ shall be equal. 
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Constr. In BD take any p<mit F; and from 
AE, the greater, cut off a part, AG, equal to AF 
(a); then from the ecjaals AF, AG, take the eqoals 
AB, AC, the remainders, BF and CG, will be 
^qual (b) ;Join BG, CF (c). 

Dem. The two triangles ABG, ACF, are 
eqiial; having two sides, AB, AG, of the (me, 
eqiial to two sides, AC, AF, of the other, each to 
each ; and the ancle A is common to both : tiier»- 
fbre the bases, BG and CF, are eooal, and like-, 
wise the angles ABG, ACF ; as aiso the anflies . 
at F, G (d). 

The two triangles BCG, CBF, are also equal: for it is shown above, 
that FC, FB, ana the angle F, in the one, are severally equal to GB, 
GC, and the angle G, in the other; and the base BC is Gommon to 
both ; therefore the remaining angles are equal, each to each, to which 
the equal sides are opposite ; viz. CBG to BCF, and FBC to GCB, 
which are the angles below the base (d). 

Again. From the equal angles, ABG, ACF, take the equals CBO, 
BC^ , the remainders, ABC, ACB, are equal, which are the angles at 
the base (e). ' 

Wherefore, the anelea, dec. Q. E. D. 

Becite (a), p. 3 ; (i), def. 24, ax. 3; (<), post. 1; (rf), pw 4; (e), 
ax. 3. 

Corollary. Hence every equiUtenl triangle is also equiangular. 



6 Th. If two angles (B, C) of a triangle (ABC), be 
equal to one another, the subtending sides (AC, AB) of the 
equal angles shall be equal to one another. 

Constr. For if AB be not equal to AC, it must 
be les3 than it, or greater. I«et AB be the great- 
er, and from it cut off a part BD equal to AC,^ the 
less (a) ; and join CD (*). 

Dem. Beottvse, in the (nangles DBC, ACB, 
DB is equal ^ AC, and BC is common to both; 
therefore^ the two sides DB, BC, are equal to 
the tvi^ AC, CB, each to each ; and, the angles 
DBC, ACB, are equal: therefore the bases DCy 
AB, are equal; and the triangle DBC is equal 
to the triangle ACB (e), the less to the greater, 
which is absurd. Therefore AB is not unequal to AC, but equal 
to it. 

Wherefore, if two angles, &c. Q. E. D 

Recite (a), prop. 3; (ft), post. 1; fc), prop. 4. 

Cor. Uence every equiangular triangle is also equilateral. 
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7 Th. Upon the same base ( AB), and on one side of it, 
two triangles cannot have their sides (AC, AD) equal, which 
terminate in one ^ctremity of it, and likewise their sides 
(BC, BD), which terminate in the other extremity. 

Join CD : then, in the case in which thaver- 
tex of each triangle is witfaoafr the other ;^ be- 
caoBe AC and AD are equal, tne angles A€D. 
ADC, are also equal (a). Bat the anele BCD 
is less than the angle AOD, therefore less than 
ADC, and still less than BDC. Again, because 
CB is equal to DB, the angles BCD, BDC, 
are equal: but BCD has b^n proved to be 
much less than BDC ; both equal and less is 
impossible. ^ 

And, in the case of one of the Tertices^ D, 
bemg within the other triangle ACB, produce 
AC, AD, to E, F ; therefore, because ACD is 
an isosceles triangle, the angles £CD, FDC, 
beyond the base, are equal (ft) ; but the angle 
BCD is less than the angle £CD, therefore less 
Aan FDC, and still less than BDC. Again, 
because BC and BD are equal, the angles BDC, 
BCD, are also equal : but BCD has been proved 
to be less than BDC, which is impossible. ' 

The case in which the vertex of one triangle is upon the side of 
another, needs no demonstration. 

Thereibre, upon the same base, &e. Q. £. D. 

Becite (a), prop. 5, and (6), prop. 5. 




8 Th. If two triangles have two sides (AB, AC) of the 
one, equal to two sides (DE, DF) of the other, each to each, 
and have likewise their bases (BC, EF) equal ; the angles 
(A, D) contained by liie corresponding sides, shall be equal 
to one another. 

Demonstration. Apply the tri- . 
angle ABC to DEF ; so that the ^ 
pomt B fiill on E, and the base 
BC fidl upon its equal EF; then 
the point C shall coincide with 
F, and the sides BA, AC, faU on 
ED, DF, each upon each; for, if 

the bases coiaciae, but th^ sides - w ^ r 

fiJl in another direction, as on 6, then upon one side of the base EF, 
™ y c an be twatriangles, with equal sides, which terminate in either 
eztremi^ of the base ; which is impossible (a). Wherefore, if the bases 
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coincide, the sidcfl shall aho tfmncide; and, conseqaently, the angles 
BAG, EDF, contained by those sides, shall be equal. Q. E. D. 
Recite (a) prop. 7. 



9 P. To bisect a given rectilineal angle (B AC) ; that la^ 
to divide it into two equal angles. 

Constr. In AB take any point D ; make AE 
eqnal to AD (a) ; join DE (b), and upon it de- 
scribe an equilateral triangle DEF (c); join AF: 
the straight line AF llisects the angle BAG. 

Dem. Because AD is made equal to A£, and 
AF is conunon to the two triangles DAF, EAF, 
and the bases DF, EF, were made equal: there- 
fore the angle DAF is equal to EAF (d); that is, 
the rectilineal angle BAG is bisected by the 
straight line AF; which was to be done. 

Eecite (a), prop. 3 ; (i), post. X ; (c), prop. 1 ; (<f), prop. 8. 





10. P. To bisect a given finite straight line (AB); that 
is, to divide it into two equal parts. 

Constr. Upon AB describe an equilateral tri- 
angle ABC (a), and bisect the angle AGB by the 
straight line CD (b). 

Argument. AG is made eqnal to BC, the angle 
ACD to BCD, and CD is common to the two tri- 
angles AGD, BCD : therefore, the bases AD and 
B D are e^qual, fud AB is cut into two equal parts 
in the point D. Which was to be done. 

Becite (a)„prop. 1; (A), prop. 9. 

IIP. To draw a straight line (CF), at right angles to 
a given straight line (AB), from a given point (C), in the 
same. 

Construction. In AC take any point D, and 
make CE equal te CD (a) ; upon DE describe 
the equilateral triangle DFE {b) ; join FC («). 

Argument The sides CD, CF, are equu 
to the sides CE. CF ; and the bases DF, EF, 
are also equal: therefore the included angles 
at C, bemg eqnal {d\ and adjacent, the straight 
line FC is drawn from the given point C, at A b 
right angles to AB (c); which was to be done. 

fiecite^ (a), prop. 3 ; (*), prop 1 ; («:), post. 1 ; 

(d), prop. 8; (c),def.lO. 
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Cor. Hence two straight lines cannot ha^e 
a common segment: for if ABC, ABD, have 
the segment AB common, they cannot both 
be atmight lines. Draw BE at right angles to 
AB (a) : then if ABC be a straisht line, EBC 
is a right angle; and if ABD oe a straight 
line, EBD is a right an^le ; and ao two right 
angles are une<^UBl, which is impossible, (6) : 
tbM-efore the knes, ABC, ABD, which have 
the common segment AB, are not both straight lines. 




Becite (a), p. 11 ; {b), az. 10. 



Q. E.D. 




12 P. To draw a straight line (CH), perpendicular to 
a given straight line ( AB), of sufficient length, from a given 
point (C) on one side of it. 

Construction. Take any point D, on C 

the other side of AB ; and from the cen- 
tre C, at the distance CD, describe the arc 
E6F (a), cutting AB in F, G; bisect FG 
in H (6), and jom CF, CH, CG, (e) ; CH 
isperpendicnlar to AB. 

Argument. The triangles GHF, CHG -J 
have CH common, HF equal to H6, and ^ 
the bases CF, CG are equal radii; there- 
fore, the angles CHF, CHG, are equal (d), 
and being adjacent, they are right angles (e), and CH drawn from the 
point C, is consequently perpendicolar to AB : which was to be done. 

Bocite (a) post. 3, (ft) prop. 10, (e) post. 1, (d) prop. 8, (e) def. la 

13 Th. The angles (ABC, ABD), made hy one straight 
line ( AB) with another (CD), upon one side of it, are either 
two right angles, or are equal to two right angles. 

Constmctbn. If the adjacent angles ABC, if^ 

ABD, are equal to one another, they are 
right angles (a) ; if unequal, from the point 
B draw BE at right angles to CD (ft). 

Argument The two right angles EBD, 
EBC are equd to the three EBD, EBA and 
ABC. 

Again, the two angles ABD, ABC are 
equal to the three EBD, EBA, ABC ; there- 
fore ABC, ABD are equal to EBD, EBC (c), 
which were made equal to two right angles. 



Therefore, the angles, &c. 



Q. E. D. 



Recite (a\ de£ 10; (ft), prop. 11 ; 
*o5, ajt. 1. 



Co), 
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14 Th. If, at a point (B), in a straight line (AB), two 
other straight. lines (CB, DB) meet from opposite sides, 
making the adjacent angles equal to two right angles, these 
two lines shall be one continued straight line. 

Argament. If CBD be not a straight line, 
make CBli! such: therefore, since AB makes 
angles with the stmight line CBE, on one sicle 
of It, the angles ABC, ABE, are equal to two 
right angles (a) : but the angles ABC, ABD, 
are equal to two right angles. Take away 
the common angle ABC : tlierefore the re- 
mahiders ABE, ABD, aie equal (b) ; the less g- 
to the greater, which is impossibie. 

Wherefore, if at a point, (S&c. Q.'E. D.' 

BecitQ (a), prop. 13; (6), ax. 3. 

15 Th. If two straight Ihies (AB, CD), cut one anoth- 
er, t-he opposite, or vertical angles ( AEC, BED) and (BEC, 
AED) shall be equal to one another. 

Argument. Since the straight line AE 
makes with CD, the angles AEC^ AED equal ^ 
to two ri^ht angles ; and the straight line DE 
makes with AB^ the angles DEA, DEB equal f^ 
to two right angles (a) ; from these equals take 
the common angle AED: therefore, the re- 
mainders AEC, BED are equal to one another (b). 

In tlie siime manner, it can be demonstrated that tho angle AED 
is ei|ual tti the angle BEC. 

Therefore, if two straight lines, &o. Q^ £. D. 

Becite (a)^ prop. 13 ; (b), ax. 3. 

Cor. 1. Hence li* two straight lines cut one another, the aogloBiiiade 
at the sectionid poiuft are equal to four right angles. 

Cor, 2. Consequently, aU the angles made about a point, by any 
number of cutting lines, are equal to four right angles. 

16 Th. If one side (BC) of a triangle (ABC) be pro- 
duced, the exterior angle (ACD) is greater than either of 
the interior opposite angles (at A, or B). 

Constr. Bisect AC in E <a) ; join BE (b) and 
produce it to F (c) ; make EF equal to EB ; 
join FC, and produce AC to G. 

Argament. The triangles AEB, CEF are 
equal ; having two sides EA, EB in the one 
equal to two sides EC, EF in the other; also 
their vertical angles at E being equal (rf) ; there- 
fore, their angles A and ECF are equal. But the g 
exterior angle ECD is greater than ECFj or A. 
2* 
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tn like maimer, if BC be bisected, it may be proved that the angle 
BCG, or its egual ACD, is greater than the angle ABC 
Therefore, if one side of a triangle, &c. Q. E. D. 

Eecite (a), p. 10 ; (6), poa. 1 ; 

(<r),po8.2; (ci),p. 4,J15. 



17 Th. Any two any angles of triangle (ABC) are 
together less than two right angles. 

Argument. Produce the side BC to D («). 
Then since the interior angle B is leas than the 
exterior and opposite angle ACD (6), to each add 
ACB; then ACB and B are less than ACB and 
ACD (e) : but these latter two are equal to two 
right angles (d); therefore, ACB and B are less 
than two right angles. 

In the same way, it may be proved that any - 
two of the angles of ABC are less than two right ® 
angles. 




Becite («}, pofl. 2 ; (ft), p. 16 ; (c), ax. 4; (4), p. 13." 



Q. E. D. 



18 Th. In every triangle (ABC) the greater angle (B) 
IS opppsite to the greater side (AC). 

Coustr. Smce the si^e AB is less than AC, 
cut off a part AD equal to AB (a) ; join BD (ft). 

Argument. The exterior angle ADB, or its 
equal ABD (c), exceeds the interior C (d); much 
more does ABC exceed C. 

Therefore, in every side, &c. 




Becite (a), p. 3; 



(ft), pos. 1; 
{d), p. 16. 



Q. £. D. 



. ^?7^' J^^^ ^^®^^^^ ^^S^® °^ ®^®^ triangle is sub- 
tended by the greater side, and the less by the less* 

Argument. If in the triangle ABC, the 
angle B be greater than C, the side AC will 
exceed the side AB: for if not, it must be 
either eqjual to it, or less : equal it is not, be- 
cause B 18 not e^ual to C (a); neither is it 
less, because B u not less than C. It re- > 
mains, therefore, that AC is greater than AB, ^ 
becaoae it subtends a greater angle (ft). 

Becite (a), p. 5; (ft), p. 18. 




Q. £. O. 
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20 Th. Any one side of a triangle is less than the sum 
of the other two. , 

C<HiBtr. In the triangle ABC, jnodncs BA 
80 BB to make AD equal to AC : join CD (a). 

Argament. The angles ACD, ADC are 
e<|aal, being ojiposite to eqaal rides (a); but 
either of them is less than BCD ; and the less 
ride subtends ^le less angle {b) ; therefore BC 

is less than BD, which is the sum of BA and ^ 

AC. 8 C 

In this manner it may be proved that either side is less than the 
sum of the other two. Q. E. D. 

Becito (a), pos. 1; (b), p. 5, 19. 



21 Th. If from a point (D) within a triangle (ABC), 
two straight lines (DB, DC) be drawn to the ends of the 
base ; these lines shall be less than the two sides ( AB, AC), 
hut they shall contain a greater angle. 

Argument 1. Produce BD to E (6). BE 
is less than the sum of B A, AE (b) ; add EC to 
both. Then the sum of BE and EC is less 
than the sum of BA and AC (c). Again CD is 
less than the sum of CE'and ED (b); to both 
add DB ; then the sum of CD, DB is less than 
the sum of C£, EB^ and still less than the sum i 
ofCA, AB(c). ' 

2. The angle BEC is exterior of the triangle BAE, ajsd interior of 
the triangle CED ; it is therefore less than the exterior BDC, and 
greater than the interior B AC : BDC is therefore greater than B AC (^). 

Wherefore, if from a point, Sucr. Q. E. D. 

Recite (a), pos. 2 ; (6), p. 20 f (c), ax. 4 ; (i), p. 16. 



22 P. To make a triangle of which the sides shall be 
equal to three given straight lines (A, B, C) ; but any one 
of them must be less than the sum of the other two. 

Constr^ Take a straight line DE, not 
less than the sum of the three given 
straight lines ; make DF equal to A, FG 
equal to B, and GH equal to C (a) : from 
F as centre, and radius FD, describe the 
circle DKL (b) ; also from G, as centre, 
and radius GH, describe the circle KHL. 
The triangle FGK has its sides equal to 
the sU-aight lines A, B, C. 
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Araament. FK, FD are eqdal radii (c) ; and FD equals A ; there- 
fore FK eqaalft A (d) : alBo GK, GH are eqaal radii ; and 6H equala 
C ; therefore GK equals C. Therefore FK, FG, GK are equal to A, 
B, C, each to each ; and the thins is done which was required. 

Becite (a), p. 3 ; (b), pus. 3 ; (c), def. 15 { {d), ax. 1. 



23 P. At a given point (A) in a given straight line 
(AB) to make an angle equal to A given rectilineal an- 
gle (C). 

Constr. In the lines forming the angle C 
join any two points D, E (a) ; make the trian- 
gle AFG of sides equal to CD, CE, DE, each 
to each (6). 

Argument. Smce FA, AG are made equal 
to DC, C€, and FG to DE ; therefore, at the 
point A, in the straight line AB, an angle is 
made equal to the angle C (c) ; which was to O 
be done. 

Becite (a), pos. 1 ; (6), p. 23 ; (c) p. 8. 



24 Th. If two sides (AB, AC) of one triangle, be 
equal to two sides (DE, DF) of another, while the con- 
tained angles (A and D) are unequal ; the base (£F) oppo- 
site the less angle (D) is less than the base (BC) opposite 
the greater angle (A). 

Constr. Let DF be not less than DE : 
then, at the point D, in the straight line 
ED, make the angle EDG equal to A (a) ; 
make BG equal to AC, or DF (b) ; jom 
EG, GF (c). 

Dem. The two sides BA, AC heins 
aeverally equal to the two ED, DG, and 
the angle A to EDG, the bases BC, EG q" 
are therefore equal (d). But, in the trian- 
g:le EFG, EF is less than EG; for it subtends a less angle— that is, 
since DFG is isosceles (d), the angles DFG, DGF are equal; but EGF 
is less, and EFG is greater than either : therefore EF is less than BC. 

Wherefore, if two sides, &c, Q. E. D. 

Becite (o), p. 23 ; (*), cor. p. 3 ; (c). post 1 ; (d), p. 5. . 



25 Th. If two sides of one triangle be severally equal 
to two sides of another, but the bases unequal ; the angle 
opp(Jsite the greater base is greater than the other. 
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Dem. If) in the triangles ABC, 
DEF, the sides AB, AC be equal to the 
sides D£, DF, each to each, — ^bat ihe 
base BC greater thao the base EF; 
thea the angle A is greater than ^e 
angle D. For if A be not greater 
than D, it must be equal to it, or less 
than it. Equal it is not, because BC 
is not equal to EF (a) : neither is it 
less, because BC is not less than EF (a). 

Wherefore, if two sides, &c. 

Recite (o), p. 24. 




Q. E. D. 



26 Th. Two triangles are equal to one another, in all 
their parts, which have two angles and a side in the one 
equal to two angles and a side in the other ; whether the 
equal sides be adjacent to both> or only to one of the equal 
angles. 

Let ABC^ DEF be two triangles, having equal angles «t B, E and 
ate, F. -o o 

1. Let BC=:EFr which are adjap 
cent to both die equal angles ; then, 
the side AB, for example, will 
equal the side DE : but if not equal, 
let it be greater; so that a part of 
it, as B6, shall equal ED (a) join 
GC;— Hence the triangles BCQ,' 
EF£> are equal, having the angles 
B, E equal, and the sides BC, BO 
in the one equal to the sides EF, ' 
ED in the other (&). Therefore, the angles BC6 and F are equal; 
but the angles BCA and F are eqval, by hypoth. therefore BCG a 
part, equaU BCA the whole, which cannot be admitted. Therefore, 
AB is not greater than DE. 

2. Let AB=DE, which are adjacent to the equals B, E, and oppo- 
site to C, F : then, the sides HCH EF, for example, are «lq«al ; but if 
not equal, let BC be the greater; so that a part of it, as BH, shall 
equal EF (a). Hence the triangles ABH, DEF are equal, having he 
angles B, E equal by hypoth. and the sides BA, BH equal to he 
sides ED, EF (b)i therefore the angle BHA equals the angle F, or its 
equal C ; that is, the exterior equals the interior on the same side (r), 
which is impossible. Therefore BC is not greater than EF. 

Wherefore, two triangles are equal in all their parts, &c. 

Q. E. D. 
Recite (a), p. 3; (ft), p. 4; (c), p. 16. 
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27 Th. If a straight line (EF)rall upon two other 
straight lines (AB, CD), making the alternate angles (AEF, 
EFD), equal to each other; these two <|aight lines shall 
be parallel. 

Argument For, if AB be not raral'f I 
to CD, nrodoce them, and they shall diverge 
in one oireotion toad meet in ine other. Let ^ 
them meet in the point 6: therefore GEF 

is a triangle, -Whose exterior wigle AEF 

exceeds its interior opposite angle EFG (a), ^ 

which were said to be equal. Therefore 

AB and CD, neither meet nor diverge, by 

production, as was supposed; but are parallel, (^). Q. £. D* 

llecite (a), p. 16 ; (6), Note def. 4. 

28 Th. If a straight line (EF), falling upon other two 
straight lines (AB, CD), make equal, the exterior angle 
(EGB) to the interior opposite angle (GHD on the same 
side of the line ; or make the interior angles (BGH, GHD) 
equal to two right angles, the two lines shall be parallel. 

Argument 1. Since, by hyp. EGB is equal 
to GHD, and also to AGH (a) ; therefore .. 
AGH is equal to GHD {b)\ and they are*" 
alternate angles (c) ; therefore AB is parallel 
to CD. cj- 

2. Since by hyp. BGH and GHD are equal 
to two right angles, and that AGH and BGH 
are also equal to two right angles (<2), the former two are equal to 
thektter two (h); dien taking out the common angle BGH, there 
remam AGH equal to GHD (e); and they are alternate angles («): 
therefore AB is parallel to CD. 

Wherefore, if a stnught line, &c, Q, £. D. 

Eedte («), p. 15 ; (b), ax. 1 j (<r), p. 27 ; (4), p. 13,; (e), ax. 3. 

129 Th. If a straight line (EF) cut two parallel straight 
lines (AB, CD), it makes equal 1, the alternate angles ; 2, 
the interior and exterior angles on the same side ; and ?» 
the two interior angles on. the same side to two right angles. 

1. The alternate angles AGH, GHD are equal, or not; if not. let 
AGH be the greater, and add BGH to each ; then AGH and BGH 
exceed BGH and GHD (o): but AGH and BGH are equal to two 
right angles (5); therefore BGH and GHD are loss than two right 
angles, and tlje lines AB, CD will meet towards B, D(c); but they 
are parallel and cannot meet; therefore the alternate angles AGH, 
GHD are equal, as stated. 
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2. The exterior and interior angles EGB, 
6HD, on the same side of EF are equal : 
for, as vertical angles EGB, AGH are equal 
id) ; and AGH proves equal to GHD : th^re• 
fore EGB equalB GHD, as stated. 

3. The interior angles BGH, GHD are 
equal to two right an^^les: for AGH and 
BGH are equal to two right angles (b) ; and 
AGH equals GHD: therefore BGH and 
GHD are equal to the same, as stated. 

Wherefore, tf a sti^ht line, &c. Q. £. D. 

Becite (a) ax. 4 ; (b) p. 13 ; 

(c)Notedef. 4; (<i) p. 15. 



30 Th. Straight lines (AB, CD) which are parallel to 
the same straight line (BF), are parallel to each other. 

Let GHK cut the parallels AB, EF^ also CD, £F ; then AB is par- 
aUeltoCD. 

For since the parallels AB, EF are «at by 
a straight line, the alternate angles AOH, A~ 
GHF are equal (a J. £ )y^ y 

Also, because tne parallels CD, EF are 
ent by a straight line, the extenor angle 0^ 
GHF equals the interior, opposite angle 
GKD(A). 

Therefore, each of the angles AGH, GKD, beinff equal to GHF, 
are equid to each other («) ; and being alternate angles, AB is parallel 
to CD (a). 

Wheref(M«, straight lines, &c. Q. £• D* 

Becite (a) p. 27 ; (6) p. 28 ; (c) ax. 1. . 



31 P. To draw a straight line through a given point 
(A), parallel .to a given straight line (BC), 

In BC take any point D, and join DA {a); ^ A r 

make the angle DAE equal to the angle ADC 

{b) ; produce the straight Goe E A to F (e). 




Because the alternate angles EAD and >^ 

ADC are equal (<l), the straight line 1;F is ^ ^ ^ 

parallel to the given straight Ime BC ; and it is drawn through the 
given point A, which was to be done. 

Becite (a) pos. 1 ; (b) p. 23 ; 

{e) pos. 2^ (d) p. 27. 
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32 Th. If any side (BC) of a triangle be produced, 
the exterior angle (ACD) is equal to the two interior an- 
gles (A and B) ; and the three interior angles of every 
triangle are equal to two right angles. 

Argoipent. Through C draw CE parallel 
to AB (a). Then because AC meets me par- 
allek AB, CE, the alternate angles A and ACE 
are equal (6). 

Also, becanse BD meets the parallels AB, ^^ 
CE, the exterior DCE equals the mterior B (<;). 

Therefore, the interior angles A and B equal llie angles ACE and 
, DCE, that is, the exterior angle ACD. 

A^ain, to these equals add the angle ACB (5^'; therefore, tiie thrae 
interior an|[les A, B and ACB are equal to^e two ACD, ACB, that 
is, to two right angles (c). / 

Wherefore, if any side, ^. Q. E. D. , 

Recite (a) p. 31 ; (b) p. 27 ; (e) p. 29 ; 
(rf) ax. 2 J (c) p. 13. 

Cor. 1. All the interior anglei of atiy rectili- 
neal figure and four right angles, asp equal to twice 
as many right angles as the figure has sides. For« 
about a point within the figure, as many triangles 
may be formed as the figure has sades, each of 
whose angles shall e^ual two riffht angles; and the 
angles about the pomt are equal to rour right 
angles. 

Cor. 2. All the exterior angles of any rectili- 
neal figure are equal to four right angles ; for 
such figure may oe reduced to a mere point; 
about which there cannot be more than four ? 
right angles. 



33 Th. The straight lines (AC, BD) which join the 
same ends of two equal and parallel straight lines (AB, 
CD, ^re themselves equal and parallel. 

Join the alternate ends BC (a) ; then since the 
equal and parallel lines AB, CD are met by BC, 
the alternate angles ABC, BCD are equal (b) ; 
and because AB equals CD, and B€ is common; 
therefore the bases AC, BD are equal (c); also 
the alternate angles ACB, CBD {b}; therefore 
also AC is parallel to BD. 

Whereto, the straight Unes which join, &c. 

Recite («) pos I ; (ft) p. 27 ; (e) p. 4. 





Q. £. D. 
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Definition. A parallelogram ia a qoadrSateral figure whoie opp<^ 
aite sides are paraileL 

34 Th. The opposite sides and angles of a parallelogram 
are equal, and the diameter bisect it (a).. 

Becatue ABCD is a parallelognm, its opposite ndea 
are parallel (b) ; and because BC joins opposite angles r- 
(c) it meets the parallels AB, CD, and also the parallels 
AC, BD, and makes the two angles at B alternately equal 
to the two at C (i) ; so that the whole angles ABD, ACD 
are equal. 

Again, in the triangles ABC, DCB, the side BC is com^ 
mon ; and their angles at B and C are alternately equal ; 
therefore the lemaming angles at A and D are equal (e); 
also the sides AB to CD and AC to BD (/) ; therefore each o^ the 
triangles ABC, BCD is half of the parallelogram, which is bisected 
by BC.« 

Whereibre, the opposite sides and angles, &c., Q. E. D. 
Recite (a), p. 9, 10 ; (i), def. above ; (c), del 16 ; 

(d),p.27; (e),p. 32; (/). P- 2«. 




35 Th. Parallelograms upon the same base (BC), and 
between the same parallels (AF, BC), are equal to one 
another. 

To make ABCD, BCFD, distinct Tiarallelograms on-lhe same biise, 
AF must be greater than BC ; and the figure ABCF wiU be a trape- 
zoid* (a). 

1. If AF be the double of BC, the straight ^. 
lines DB, DC will bisect AF, and also each of f^"" 
the parallelograms; and Ike tnansle DBC will 
be the half of each (b) ; hence the parallelo- 
grams ABCD, BCFD will be equal (e). 

2. But if AJ" be greater than twice BC, DE 
will be the excess; and if less, D£ will be a 
cfMumon segment of AD, £F. To each, ^ere- 
fi;>re, add the excess, or fitnn each subtract ^e 
segment; the sums, or differences, A£, DF, 
w3l be equal (d). In either case, therefore, 
the sides CD, DF equal the sides BA, AE ; and 
the exterior angle CDF equals the interior and 
opposite angle BAE («), and the triangles CDF, 
BAE are equal (/). From: the trapezoid ABCF 
take each of these triangles; the remaining 
parallelograms ABCD, BCFE are equal {d). 

WherMore^ pacallelograms, &c. 
Recite (a), def. 34 ; (b)i p. 34; 
(<0,ax.2,3| 
3 




iSE: 



(c),az.6; 
C/J,P^4. 



Q.E.D. 
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36 Th. Pandlelograms upon equal bases, and between 
tbe same parallels, are equal to one another. 

Let ABCD, EFOH be two paiallelograiiu 
npon equal bases BC, F6, and between the A 
■same parallels AH, BG ; they are eqniil. *" 

Join BE, CH ; and becanse the bases BC, 
F6 are equal, and FG is eqnal to EH {a) ; 

therefore BC and EH are eqnal, and mey y^ \y^\ \ 

are parallel; therefore also BE aiid CH, B C F . G 

which join Iheir extremities, are equal and 

parallel (6). EBCH is therefore a parallelogram, and eqnal to ABCD ; 
because they are upon the same base BC, and between the same par- 
allels BC, AH (<;). For the like reason, EFOH is eqoal to EBCH ; 
hence ABCD equals EFGH (<i). 

Wherefore, parallelograms, &c. Q. E. D. 

Recite (a) p. 34 ; (ft) p. 33; (c) p. 35 ; (4) ax, 1. 

• 

37 Th. Triangles (ABC, DBC), upon the same base 
(BC), and between the same parallels (BC, AD) are equal 
to one another. 

Produce AD both ways to E, F ; dutmgh 
B draw BE parallel to AC (a); and ^ 
through C draw CF parallel to BD. 
' Each of the figures EBCA, DBCF is a 
naralleloffram; and they are eqnal (&), 
because Siey are upon the same base ana 
between the same parallels, BC, EF : and 
the triangle ABC is half the parallelo- 
grain EBCA, because the diameter AB bisects itM; and the triangle 
DBC is half the parallelogram DBCF, because the diameter DC bi- 
sects it; and the halves of eciuala are equal {d). Therefore, the 
triangle ABC is equal to the triangle DBC. 

Wherefore, triangles. &c. Q. E. D. 

Becite (a) p. 31 ; (&) p. 35 ; (<;) p. 34 ; (i2) ax. 7. 

38 Th. Triangles (ABC, DBF), upon equal bases 
(BC, £F), and between the same parallels (BF, AD), are 
equal to one another. 

Produce AD both ways to G, H; and 
through B, draw BG parallel to AC (a); and 
through F, draw FH pu^el to ED. 

Then each of the figures BCAG, FEDH 
is a parallelogram ; and they are equals (^), 
being upon equal bases and between me 
same parallels BF, GH. 

But the triangle DEF is half the parallel- 
ogram DEFH ; and tbe triangle ABC is half the pondlelogram GBC A 
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(e) : became they are bisected by Uie diameten DF and AB : bat 
the halves of equals (d) are equal 7 therefore the triaogles ABC and 
DEF are equal; 

Wherefore; triangles, Sec. Q. £. D. 

Becite (a) p. 31 ; (b) p. 36 ; 

(<r)p.34; Wax. 7. 



^9 Th. Equal triangles (ABC, DBC), upon the same 
ba^e (BC), and upon the same side of it, are between the 
same parallels. 

Join AD ;•— AU is paraUel to BC : for if not^ 
tlirou^h the point A draw AE pandlel to BC (a), 
and join CE. 

The triaugles ABC, EBC, are eqnal (d), be- 
cause they are on the same base BC, and Mtween 
the same parallels BC, AE : bat the triangles 
DBC and ABC are equal by hyp., therefore- the 
triangles EBC and DBC are eqiud, the lees to 
the ffreater, which is absord. 

Therefore AE is not parallel to BC ; neither is any other line but 
AD parallel to BC. 

Wherefore, equal' triangles, &c, Q. E. D. 

Recite (a) p. 31 ; (6), p. 37. 




40 Th. Equal triangles (ABC, DEF), upon equal 
bases (BC, EF), in the same straight line (Br), on one side 
of it, are between the same parallels. 

Join AD;— AD is parallel to BC; 
lor if not, through A (a) draw AQ 
paiBllel to BF, and join 6F. The 
triangle ABC is equal to the triangle 
GEF, because they are upon equal 
bases BC, EF, and oetween the same 
paraUels BF, AG (b). ^ 

But &e triangle ABC is eqoal to g: 
the triangle DEF; therefore GEF 
aad DCF are equal, the less to the ^[reater, which is impossible. 
Therefore AG is not parallel to BF ; neither is any other line but AD^ 

Wherefore, equal triangles, &c. . Q. E. D. 

Becite (a) p. 31 ; (b) p. 38. 




41 Th. If a parallelogram (ABCD), and a triangle- 
(EBC), be upon the same base BC, and between the same 
parallels (BC, AE), the parallelogram is double of the tri« 
angle. 
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Join AC^-ih6n tb^ trian^ ABC equals thetri- 
angle EBC, becaaae thej are apon the same iMise ^ 
BC, and between the same parallels BC, A£ (a). 
But the parallelogram ABCD is donble of the tri- 
angle ABC (b), because the diameter bisects it : 
wherefore ABCD it also double of the triangle 
EBC (e). 

Therefore, if a paraUelogram, &c. 

Recite (a) p. 37; (b) p. 34; (e) ax. 7. 




Q.E.D 



42 P. To describe a parallelogram that shall be equal 
to a given triangle (ABC») and have one oi its angles equal 
to a given rectilineal angle (D). 

Bisect BC itt E (a) ; join AE, and at &e point E, 
in the straight line EC, make the angle CEF equal to 
D (b) ; and through A, draw AG parallel to EC ; and 
through C draw CG parallel to EF (e). 

EFGC is therefore a parallelogram ; and because 
BE and EC are equal, the trianglas AEB, AEC are 
also equal, since they are upon equal bases, and be- 
tween the same parallels BC, AG (d) ; therefore, the 
trianele ABC is double of the trianele AEC: the 
paraHelogram CEFG is likewise double of the same triangle, being 
upon the same base and between the same parallels {e) ; CEFG is 
therefore equal to ABC, and has an angle equal to the angle D. There- 
fiwe the thing reqmi'ed has been done. 

Bedte (a) p. 10 ; (b) p. 23 ; (e) p. 31 ; 

rijp.38; (e)p,n. 




43 Th. The complements of the parallelograms about 
the diameter (AC) of any parallelogram (ABCD), are 
equal to one another. 

The parallelograms about the diameter AC, or a u - 
throuffh which AC passes, are EH, GF; and the t^ 
complements, which make up the whole figure, are E 
BK, KD, which are said to be equal. 

The diameter AC bisects the paraHelogram ABCD; 
its parts AK, KC bisect also EH, GF (a) / there- 
fore, the triangles ABC, ADC are equal; alsci the 
' triangles AEK, AHK, and KGC, KFC. 

Therefore, from ABC take AEK+KGC, the rfr- 
maiuder is BK. 

Also, from ADC take AHK+KFC, the remainder is KD. 

But taking equals from equals the remainders are equal (b) ; 
therefore BK is equal to KD. 

Wherefore^fthe complements, &c. Q. E. D. 

Becite (a) p. 34 ; (b) va. 3. 




ac 
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44 P. To a given straight line (AB) to apply a paral- 
lelogram fequal to a given triangle (C), having an angle 
equal to a given rectilineal angle. 

Upon half the base of the given triangle C, 
make a parallelogram GBEF, equal to C (aV, 
and let its angle QBE equal the given an^e 
D (6) ; let AB, the given straight line, be the 
produced part of EB ; through B produce GB 
to M; through A draw HL parallel to 6M; 

Sroduce F6 to H; through B draw HK; pro- 
uce FE to K; make KL parallel to EA. 
The complements BL and BF are equal (e) ; 
but BF was made equal to the riven triangle C ; therefore, BL is 
equal to C Q^); and it is applied to the given straight line AB, 
having one of its ansles ABM, equal to the opporito vertical angle 
GBE, which was made equal to the given angle D. 
Therefore the thing required fafis been done. 
Becito (a) p. 42 ; (b) p. 23 ; (e) p. 43 ; 

(d) ax. 1. 



45 P. To describe a parallelogram equal to a given 
rectilineal figure (ABCD), having an angle equal to a given 
rectilineal angle (P) ; and to apply the parallelogram to a 
given straight line (CM), 

Produce the side t!B of the given reet^eal 
figure indefinitely to E (a) ; join DB (b), and 
parallel to it, tlirough A, draw AE (c) ; join 
DE (b). 

Agam, bisect CE in F (d) ; upon OF describe 
the parallelogram CF6H, equal to the trian- 
gle DEC, atKl having an angle FCH equal 
to the given angle P (^e). 

Also^ let CM, the line to which the parallel- 
ogram is to be applied, be in the same straight line with HC ; produce 
FC to O; through M draw LN parallel to FO (c); produce OF to 
meet NL ; through C draw LK ; produce GH to meet LK ; parallel 
to HCM draw KON (c.) 

1. The triangles DAB, DEB, on the same base DB, and between 
the same paraUels DB, AE, are equal to one another (/) ; to each 
add the triangle DBC ; therefore, the triangle DEC is equal to the 
given rectilineal figure ABCD (g). 

2. But the parallelogram CFGH was made equal to the triangle 
DEC ; therefore CFGH is equal to the given rectilineal figure ABCD 
(h)f and its angle FCH is equal to the given angle P. 

3. The complements FH and MO are equal (i) ; and the angle 
MCO is equal to its vertical and opposite angle FCH, and therefore 
to the given angle P (k). Wherefore to CM is applied a parallelo- 

3* 
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gram equat te a givop rectiliBeal figure, hAviog an mgle eqpal to m 
given rectHineal angle. 



BecitofaJiKNi. 2; 
Wp. 10; 

Wp.l5; 



r*Jpo«.l3 
Wp. 42; 
W tt. 1 ; 



(c)v. 31; 
WP-37; 
(»;p. 43; 



NoTC«— This demonitratkm faielttdea tfie ebroSury, m gtren la I 
PUiyftif 8 edifion. 



46 P. To describe a square uoon a given straight 
line (AB.) 

CoBttr. From tbe pornt A 4raw AC at right an- 
gle« to AB (a); make AD equal to AB (^); draw 
D£ parallel to AB, and BE parallel to AD (c). 

1. Of the equal angdea. The angle A ii a ri^ht 
angle ; and, because of the paraUelB, the two interior 
angles, A and D, are equal to two right angles (d) ; 
also, for the same reason, A equals B, and B^uius 
£. Therefore, the figure has four right angles. 

2. Of the equal mdes. The sides AB, AD are 
made equal ; and because the oj^site sides of a paralleh 

' ' *" "ence i' 

Wherefore, the required square has been described. 



equal (e), DE is equal to AB, and 1BE to AD. Hence also, 
has four equal sides; and i 



i ii therefi»e a square (/) 




Becite 



S3i 



11; 
29; 



a 



p. 3; 
p. 84; 



(c) p. 31; 
(/) def. 30. 



47 Th. In any right-angled triangle (ABC)« the square 
upon the side (BC), subtending the right angle, is equal to 
the sum of the squares of the sides (AB, AC)^ containing 
the right angle. 

Construction. On BC describe the square BE, 
on AB the square BG, on AC the square AK (a) ; 
draw AL parallel to BD, or CE (b) ; join AD, CF ; 
also AE, BK. 

Dem. Because of the adjacent right angles at 
A, the lines BA, AH, and CA, AG, are straight 
lines (c), the one parallel to BF, the other to CK. 

The triangle BCF is upon the side BF, and be- 
tween the same parallels as the square BG, of 
which it is equal to the half : 

Also, the triangle ABD is upon the side BA, and between the same 
parallels as the parallelogram BL, of which it is equal to the half (il). 

But the triangles BCF, ABD are equal; having two sides BF, BC, 
in the one, equal to two sides, BA, BD, in the other; and each of the 
two containing the an^le ABC and a right angle (e). 

Therefore, we half of the square BG, is equu to the half of the 
paraUelognunBL ; hence the square is equal to the parallelogram (/). 
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In tbe same way, it may be ibown ^t the flqaare CH, ii equal to 
the parallelogram CL. 

Therefore, the two paralleiograms BL, CL, tiz. the aqoare BE, 
are equal to the two aquares, bS, CH. 

Wherefore, the aqQaie upon BC is equal to the lom of the 'tfqiiana 
upon AB, AC. Q. E. D. 

Beoite (a) p. 46; (ft) p. 31 1 (e) p. 14; 

id) ax. 7 ; («) ax. 2 ; (/) ax. 6 and p. 4t. 

4d Th» If tlie squaiB upon one side (BC) of a triangle 
be equal to the squares upon the other two sides (AB, AC), 
the angle contained by these two sides shall be a right 
angle. 

From the point A, draw AD at right aog^ to AC (a) ; 
and make AD eqnal to AB ; join CD. 

Then beoaofle AD equals AB, their squares also aro 
equal ; — to each of them add the square of AC ; there- 
fore the squares of AD, AC equal the squares of AB, 
AC (b). 

But the ik}nare of CD equals the squaref of AD, AC 
(eh becauise DAC is a right angle: and ^ square of BC 
wal supposed to be eq^nal to the squares of AB, AC. 
Therefore, the squares of BC and CD are equal, and BC is equal tO 
CD. 

And because the sides AD, AB are equal, and AC common to the 
two triangles, and the bases BCi CD also equal; therefore the angle 
BAC is equal to the an^le DAC (d) : but DAC is a right angle { 
tiierefore BAC is also a right angle. 

Wherefore, if the square, &o. <i|. S* D« 

Becite (a) p. 11 ; (b) ax. 2; 

(c)p.47; . . (<Qp. 8-T<aiofb. 1. 
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Tbi multiplicfttion or diTuion ci mBgnitadM makes no change in 
their species; and magnitudes of different kinds cannot be tmited in 
additions : ,'a part taken from a magnitode is of the same species as 
the whole. The units of a line are therefore lines ;— of a superficies, 
areas}-— of a solid, solids ; — of an angle, angles. 

Any produced magnitude is therefore a multiple of its root or 
basis ; or of tiie unit which measures the basis. 

1. A rectafngle is a. superficies contained 
under two straight lines at right angles to 
each other: if the lines are equiJ, the 
figure is a square; if unequal, the figure 
is an oblong; and in either case, it is a 
right angled parallelogram. 

2. A gnomon is the sum of the two com- 
plements (p. 43,) and one of lSb» parallelo- 
grams about the diameter of a rectangle. 

NoTi 1. The operative signs -f-, — , x, -r-, =,iirfl sometimes 
xia^ to express the sum, difierence, product, quotient and equality 
of magnitudes ; and the parentheses () unite two or more magm- 
tudes m one. A point is often used to denote multiplication instead 
of the oblique cross. 

Note 2. Because a square has two equal dimensions, the figure 
2 idaced over one of them saves repetition ; thus, AB? is the square 
of AB ; but in the case of a rectangle of different dimeuMons, both 
must be expressed; thus, ABxBC, or AB.BC, is the rectangle or 
product of AB multiplied into BC. 

Note 3. Lines used^ numericallj, as multiplier and multiplicand, 
are called coefficients of each other, or co-fiictors. 




Froposilions. 

1 Th. The rectangle contained under ^wo straight 
lines (A and BC), is equal to the several rectangles con- 
tained under one of them and all the parts of the other. 

Let A be a whole line and BC a divided 
one, as in the points D, £. 

Construction. Draw BG at right angles 
to BC (a}t and make it equal to A (b)\ 
draw GHparallel to BC (c), and DK, fiL, 
CH parallel to BG. The opposite parallels 
■re equal (d). 

Alignment Kow it Is obvious tiiat tho 
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rectangle BH contains the three rectv^les BK, DL, £H ; atfol BH is 
the rectangle of BG and BC: and, since B6, DK, EL are each 
of them equal to A (d), therefore AxBD equals BK, AXD£ 
equals DL, and A X EC equals EH ; but BO, DE, EC are all the parts 
of BC : therefore, the rectangle of A and BC is equal to the rectan- 
gles ef A and all the parts of BC. 

Wherefore, the rectangle ocmtainedj &c. Q. E. D. 



Becite (0) p. 11 ; 
(Op 31 J 



JS 



p. 3; 

p. 34— all of book 1. 



a Th, The square of a straight line is equal to two 
rectangles contained under that line and any two parts into 
which it may be divided. 



Let AB be a straight line divided into the parts 
AC, CB. Describe on AB the squBie AE (a); 
draw CF parallel to AD (6). 

Now the square AE equals the two rectangles 
AF and CE: but AE is the square of AB (c) ; and 
AF is the rectangle of AD and AC, and CE is the 
rectangle of CF and CB. Also, since AE is a 
square, AD, or CF is equal to AB, and AC, CB are 
the parts. 

Therefore, the square of a straight line, &c. 



(ft) p. 31—sfl of b. 
Xe) ief. a©, b. 1, and 1 of b. 2. 



Becite (a) p. 46 ; 



1; 



A C H 

D F e: 



a.E. D. 



3 Th. The rectangle contained by a straight line (AB) 
and (BC) one of twp parts into jwhich it is divided, is 
equal to the square of that pari and the rectangle of the 
two parts. 



Constr, Upon BC describe the squam BD 
(o); produce ED F (6) to meet AF drawn 
parallel to CD, or BE j(c). 

Then, since BE and BC, rides of a square, 
are equal, AE is the rectangle of AB toa BC ; 
and it contains the ^uare of BC with the rec- 
tangle of AC and CD, or CB, and is equal to 
them. 

Wherefore, the rectangle contained, &c. 



AC B 



Becite (a) p. 46; 



(4)pos,2i 



Q. E. D. 
(tf) p. 81— an df b. 1, 
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4 Th. The square of a straigbt line (AB) is' equal to 
the squares of any two parts {AG, CB) into which it may 
be divided, and two rectangles of the parts 

Constr. Upon AB describe die square AE (a) ; 
join BD ; draw CF parallel to AD, meeting BD m 
6 ; draw H6K puallel to AB (b). I 

Argument. The angles CGB, ADB, as exterior 
and interior, are equal (c); and ADB equals ABD, 
from the isosceles (d); therefore, ABD equals 
CGB (e), and the sides C6, CB are equal (/), 
and their opposites BK, GK are equal (g), CK is 
therefore a square (h) on CB. 

For similar reasons, HF is si square on HG, which is equal to AC. 
It is adso ^lain 4hat AG is the rectangle of AC and CG, or CB ; also, 
that GE IS the rectangle of GF and GK, which are «qu^ to AC 
andCB. 

Now the two squares and two rectangles make up the square of 
AB. Wherefore, tiie square, &c. Q. E. D. 

Becite (a) p. 46 ; (b) p. 31 ; (e) p. 29 5 . (d) p. 




ax. 1 ; 



(^)-p.34— aUof b. 1: 



(0 ' 

{h) def. 30 of b. 1, and 1 of b. 2. 

Cor. The rectangles about the diameter of a square are squares. 
Scholium. A line or other magnitude divided into two parts, is 
called a binomial, the properties of which are very remarkable. 



5 Th. If a straight line (AB), be divided into two equal 
parts (in C), and two unequal parts (in D), the square of 
half the line is equal to the rectangle of the unequal parts 
and the square of the line between the sectional points. 

Upon CB, half the line, describe the /^ 
square CF (a); join BE; through D, draw |~ 
DG parallel to BF (6), meeting BE in H ; 



CLP 



G F 



through H, draw ML parallel to AB, and ^ 
produce it to meet AK drawn parallel to 
CE. 

The square CF equals the gnomon CMG 
and the square LG. But the ^mon- is 
equal to the rectangle AH; fbr the complemente CH, HF are equal 
(c);and with DM added to each, CM equals DF; but CM equals 
At, {d)\ therefore DF equals AL, («). 

Again, AH is the rectangle of the unequal parts AD, DB; for DH 
equals DB (/ ) : LG is also the square of LH, or CD, the line between 
the sectional points. 

Therefore, the square of CB, is equal to the rectangle of AD, DB 
and the square of CD. 

Wherefore, if a straight line, &c. Q. E. D. ; 

Becite (a) p. 46 ; (ft), p. 31 ; (c) p. 43 ; {d) p. 36 ; 

lof b. 1; (/•)cor. p. 4ofb. 2. 



>(a)p.46; 
(«) ax. 1— all < 
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6 Th. If A Straight line (AB) be bisected (in C), and 
produced to i^y point (D) ; the square of the line (CD), 
composed of the half and the part produced, is equal to 
the rectangle of the whole line AD and its produced part, 
(BD)» with the square of (CB), half the line bisected. 

Upon CD d^eacribe the square CF (a); j^ 
join DE ; through B, draw BG parallel to " 

DF, and meeting the diameter in H; through , 

H, draw ML parallel to AB, and produce it K 
to meet AK ariL«rn jparallel to CE (&). 

The sauare CF u equal to the gnomon 
CMG and the square L6: this is evident. 
But the gnomon is equal to the rectangle 
AM: for the rectangles AL and CH are equal («) ; also CH and HF 
{(£) ; therefore AL equals HF {e). 

Jlence the square ' CF equals the rectangle AM and the square 
But AM is the rectangle of die whole line AD and its produced 




Also, LQ is the square of 



LG. 

part BD : for DM or BH equals BD (/). 

LH, or CB, half the bisected line. 

Wherefore, the square of CO equals the square of CB and the 
rectangle of AD and DB. Q. £. D. 

Becite (a) p. 46 ; (6) p. 31 ; 

(rf)p. 43; (c)ax. 1; 

cor. p. 4, of b. 2. 



i? 



u 



6, aU of b. I, and 



7 Th. The two squares described upon a straight line 
(AB) and a part of that line (BC) are equal to two rec- 
tangles of the line and that part, tc^ther with the square 
of the other part (AC). 

Constr. Upon AB describe the square AE (a) 
join BD ; through C draw CF parallel to BE, and 
cutting the diameter in G ; through G draw UK 
parallel to AB (&). 

The squares AE, CK are equal to the rectan- 
gles AK, CE and the square HF. This is eyi- 
dent. 

Now AE is l^e square of AB, and CK is the 
square of BC. Also, AK is the rectangle of AB 
and BK, or BC ; and CE is the rectangle of BC and BE, or BA; 
and HF is the square of HG, or AC. 

Wherefore, the two squares'described, &o» Q> E* I^« 

Becite <a) p. 46 of b. 1 ; (6) p. 31 of b. L 

Cor. Hence t&e sum of the squares 6f any two lines, is equal to 
twice the rectangle of the two with the square of Ifaeir diSerence , 
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8 'f h. If a straight line (AB), be divided into any two 
parts (in C), four rectangles of the whole line and one part 
(CB), together with the square of the other part (AC), are 
equal to the square df the line (AD), composed of the 
whole and the <me part. 

Produoe AB, lo that BD be equal to CB; upon 
AD describe the aqoare AF (a) ; join DE ; draw 
CH, BL, parallel to DF, cqttmg Uie diameter in 
X, P; through K, P, draw MN, XO, parallel to 
AD {b). 

The complements AK, KF are eqnal ; as also 
the complements MP, PL .(c); to these latter 
equals add the' equals GB, BN — MR is therefore 
equal to PL and BN; and AK, KF, MB, PL 
and BN — ^namely, tiie gnomon AOH ((2), are equal to four rec- 
tangles of AB and BC : to this fi[iiomon add XH, which is the square 
of XP, or AC. All these, therefore, coincide, and fill the same sjiace, 
with the figure A£FD, which is the square of AD, composed ut* AB 
andBC. 

Wherefore, if a straight line be divided, &c. Q. E. D. 

Recite (a) p. 46, 1 ; (b) p; 31, 1 ; 

(c)p.43, 1; (d)def. 2,2. 

Cor. 1. ^ Four rectangles of any two Unes, toge&er with the square 
of their difierence, are equal to the square of their sum ; for, in this 
case, AD is the sum and AC the difierence of AB, BC 

Cor. 2. The square of any line is equal to four times the squam 
of its half. 




9 Th. If a strai^t line (AB) be equally divided (in 
C) and unequally (in D) ; the squares of the two unequal 
parts (AD, DB), are double of the squares of half the line 
(AC) and of the lino (CD) between the points of section. 

Constr. From C draw CE at right angles to 
AB (a) and equal to CA, or CB ; joifi EA, EB % 
draw DF parallel to CE (*); join AF, and draw 
FG parallel to AB (6). 

Argument The sides CE, CA, CB being made ^ 
equal, their opposite ansles are equal (c); and on A 
account of the right angles at C, the two angles at 
£ make one right angle {d). 

Again, the parellals CE, DF midte the exterior angle DFB equal to 
the mterior CEF, or its equal B (e): wherefore DF^uals DB ( f ). 
Hence the side AF subtends two right angles, one at f> and the omer 
at E ; and the square of AF equiUs the squares of tfie sides oontai«~- 
ing each of those angles (f) : therefore the squares of AE, EF ai« 
equal to those of ADD, V, or AD, DB (A). But the square of AE 
equals the squares Of AC, CE, or twice that of AC ; and the square 
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of £F etmajji the sqizaros of GB, GF» or twice tiiat of OF, or ittequ^ 
CD. Wherefore also, the sqaares of AD, DB are double the fqtuM4 
ofACandCD. 

Therefore, if a straight line, &c. Q* £. D 



Recite £a) p. It 

(d) p. as 



(*)p. 31; 
(c)p. 29; 
(A) ax. 1— flU of 



c)p. 5; 



10 Th. If a straight line (AB) be bisected (in C), and 
produced to any point (D) ; the square of this whole line 
( AD)» and the square of its produeed part (BD), are equal 
to two squares of (AC) half the bisected line, and two 
squares of (CD) the line composed of the half and the 
production. 

From C draw CE at right angles to AB (aj and 
equal to CA, or CB ; make EF equal and paxidlel to 
CD—then wiQ FD be eaual and parallel to CE (6); 
ioin EA, EB, and producing £B, FD^ they will meet 
in G, because the angles F and 6EF ftre less than two 
right angles C; join also AG* 

Because the triangles ACE, BCE are right anglod, the 
right angle is equal to half the sum of the angles in 
each (4), and because they are isosc^es the angles 
opposite to equal sides are e<^ual to each other (e), and each is hall a 
right angle ; therefore, AKB is a right angle. 

Also, sinee CBE is half a right angle, the alternate angle FEG is 
the same (/), and so is also the vertical opposite angle DBG (g), 
Ag'iia, because £CD is a right au^le, the alternate ang^^ CDG is tino 
same: thei-efore DGB is half a right angle; and the sides DG and 
DB are equal ; also the sides FG and FE (k). 

AG therefore subtends two right angles; namely, AEG, ADG; and 
its square is equal to that of any two siaes containing those angles (»). 
Wherefore, the squares of AE and EG are equal to the squares « 
AD and DG=sBD, each pair being equal to the square of AG (k). 

But the square of AE eouaU the squares of AC, CE,or two squares 
of AC; and the square ot EG equals tiie squares EF, FG, or.two 
squares of EF=CD. Therefore, the squares of AD, BD are equal 
to two squares of AC and two of CD. Q. E. D. 




Becite (a) p. 11 
(d) p. 32 



(k)&x. 1— allofb.l. 



ri;p.31,34; 
r«;p.5; 

r*;p.6; 



r«;p.29; 

('/;p.27; 
(i) p. 47 i 



11 P. To divide a gyren straight line (AB) into two 
parts (in H), so that the rectangle of the whole line and 
one of the parts (HB) shall e^ual the square of the other 
part (AH). 
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^ Comtr. ^^pon AB dmcribe the sqiiare AD (a) 
bisect AC in E (b) ; jinnEB, aod produce £A fid that 
£F shall eqnal EB (<:){ upon AF describe the square 
AG (a)r and produce GH to K. 

Arguxaent The straight line AP being bisected 
ia £ and produced to F, the rectangle CFxFA and 
the square of A£ are together equal to the square oi 
EF (<2V or its emial EB, or the squares of AE and 
AB (e). Take the square of AE from both; then 
^e rectangle CFxFA— that is, FK, is equal to the square of AB, 
viz. AD (/). Take also from the rectangle and square the part AK, 
which is common ; the remainders are equal; namely, AG to HD (/). 
But AG is the square of AH ; and HD is the rectangle of HBxBD, 
dr HBx AB. Tbe straight line AB is therefore divided as required. 

Q. E. D. 

Becite (a) p. 46 ; (b) p. 10 ; (e) p. 3 of b. 1 ; 
;rf)p. 6,ofb.2; («)p. 47; 

/)ax. 3ofb.l. 



12 Th. In any obtuse angled triangle, if a perpendic- 
ular be drawn ftom one of the acute angles to the opposite 
side produced ; the square of the side subtending the ob. 
fuse angle equals the two squares of the sides containing 
it, and two rectangles of the produced side and its pro- 
duction. 

Let the triangle ABC be obtuse angled at C ; pto- 
dnce BC to meet a perpendicular from A, in the point 
D. The (woduction is CD, and AB subtends the ob- 
stuse angle. 
;Now AB»=AD«4-BD« (a). 
> And AD»=AC»— CD« (a). 
Also BD»=BC«+CD34-2BCx CD (A). 
Therefore, omitting CD*, which is both pontive and 
negative, AB3=AC«-|-BC«4-2BC X CD (c). 

Wherefore, in any obtuse angled triangle, &c. Q. E. D. 
Becite (a) p. 47 of b. 1 ; {b) p. 4 of b. 2 ; 
(c) ax. 1. 



13 Th. In any triangle (ABC), the square of the 
side (AC) subtending one of the acute angles (B) is less 
than the squares of 3ie two containing sides (AB, BC), by 
two rectangles of one of them (BC) and a segment of the 
same intercepted between the^said angular point and a 
perpendicular (AD) drawn to that side from the opposite 
angle (A). 
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1. Let AD meet BC within the triangle. 
'J%en BC«-|-BD8=2BCxBD-f-CD» (a): 
A^d AB» =MP-{-BJy\b): . 

Add these two equations, omitting BD' from each 
nde. 

ThenABa+BC«=AI>«+eD«4-2BCxBD: (c) 

But AC* . =ADa-hCI^. Now take this from 
the last equation : there remams 

AB»4-BC«— AC«=2BC X BD. 

2. Let AD meet BC produced: then ACB is an 
obtuse angle; therefore AB»=AC*-f BC8-|-2BC X 
CD (c). To both sides add BC»: then AB«-|-BC«== 
AC24-2BC*-f-2BC X CD (<i;. But since BD is divir 
ded in C, BC'^-hBCxCD=BCxBD {e)\ and the 
doubles are. equal; therefore 2BCH-2BCxCD= 
2BC X BD (/). Now substitute this in Jhe^quation 

3 : it make 



A)ov 



kes AB«-|-BC3=AC«-}-2BCxBD. 



ih\ 



Wherefpre, in every triangle, &c. Q. E. D. 
Eecite (a) p. 7, 2 ; (J) p. 47, 1 ; 

(c; p. 12,2; (rf)ax. 2; 

(c)p.3,2; (/)ax.G. 





3. If AC be itself the perpendicular on BC ; then 
BC is intercepti^d between the angular point B and 
the foot of AC; and AB«-f-BC*=AC»4-2BCxBC 





14 P. To describe a square that shall he equal to the 
given rectilineal figure (ABCD). 

Constr. 1. Join the poihts A, C, of 
the given figure ; and parallel to AC 
draw D& (a) to meet the base BC 
produced in E; join AE. 

Argument 1. The triangles ACD, g^ 
ACE upon the same base AC, and be- 
tween the parallels AC, DE are equal 
(h) : to each add the triangle ABC : 
then the quadrilateral ABCD equals 
the trilateral ABfi {c\ 

Constr. 2. Transfer the base BE to OH : place the triangle FGH 
at the same parallel distance as that of ABE ; make FGH a right an- 
gle (<;); upon GK, half the base GH, describe ^he rectangle GL (<2)« 
men, if the sides of GL are equal, the thing is done ; for it is a square, 
and equal to the given figure. But if thendes are unequal, produ<ie 
LK so that KM s&ll equal KG (e); bisect LM in O (/), at which 
centre describe the arc LPM (g*) ; produce GH to meet me circle ia 
P ; join OP, and upon KP describe the square KS ^A). 

Argument 2. The straight line LM bein^ divided equafly in O 
and unequally in K, the rectangle LKX KM, vnth the square of OK, i« 
equal to the square of OM, or OP (»> or to the squares of OK, KP 
(A).. From th^^se equals reject the square of OK, the rectangle LKX 
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KM it eqnal to tbs aquare of EP (l). Bat the rscta^a LK, KM=s 
KG^ equaU the triangle FGH, or ABE, or the figure ABCD. There- 
lore the B(}iiare of KP, that is, KS, is eqnaL to the nme figure; and so, 
the thing u done which was required. 

Becita (a) p. 31 ; (&) p. 37 ; (c) ax. 2; 

(d) p. 11, 42 ; («) pos. 2; (/) p. 10; 

(f) pofc 3 ; (A) p. 46— aUof b. 1; (i) p. 5, of b. 2 ; 

l^ o. 47, 1 ; (/) ax. 3. 



A Th. If one side (BC) of a triangle be bisected (in D), 
the sum of the squares of the other two sides (AB, AC), is 
double of the square of that side, and of the square of the 
line (AD) drawn from the bisectional point to the opposite 
angle. % 

Draw AE at right angles to BC (a) ; then AB>= 
AE»-hBE«, and AC«=AE«+CE» (ft);— adding 
these equals, therefore, AB«-|-AC«=± 2 AE«-|-BE«-|- 
CE« (c). 

But sinoe the straight line BC is cut equally in 
D, and unequally in E, the squares of BE and CE 
are equal to double squares of BD and DK {d). 

Therefiire AB«-hAC«=2BI>«-f2DE«-h2AE=». 

Now, the Bquares of AE, DE equal the square 
of AD (e). Therefore AB«-|-AC«=2BD*-f-2AD«. 

Recite (a) p. 12, 1 ; (*) p. 47, 1 ; 

(£«)p.9,2; («)P-47,1. 



B Th. In any parallelogram (ABCD), the sum of the 
squares of the diameters (AC, BD) i» equal to the sum of 
the squares of its sides, (AB, AD, CB, CD.) 

It is obyious firom the equality of the opposite sides 
and angles of the parallelogram (a) — of the vertical 




angles at E C*^— of the alternate angles at B, D (e\, 
that BD is bisected in E ;— and therefore (d\ that 
ABa4-AD««2AE3-f 2ED2, and Uiat 
CBa4.CD««2CE«+2EB«. Therefore^ the 
squares of the four sides are equal to four squares of 
the half of each diameter.' But four squares of the 
half equal the square of the whole (e) : therefore the 
squares of the two diameters eq^al me squares of the 
four sides of the parallelogram. Q. E. D, 

Becite (a) p. 34, 1 ; (b) p. 15, 1 ; (e) p. 27, 1; 

(d) p. A, 2; (e) p. 8, cor. 2, b. 2. 
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. Definitions, 

1. Equal circles ai^ those of which the diameters or ndii'are 
equal. . 

2. A tangent is a straigfat line touching a circle, without 'cutting 
it. however produced. 

3. A circle touches a 'circle when ihey meet and do not cut one 
another. 

4. Chords are equidistant from the centre, when the perpendiculars 
drawn to them from the centre are equal : when the perpendicular 
is greater the chord is more remote. 

5. The angle of a segment is tiie declinatioa of its chord from the 
arc^ 

6. An angle is in a segment wh^n the sides containing it are in the 
segment : and an angle is said to insist, or stand upon, the arc inter- 
cepted between the sides containing the angle. 

7. Similar segments of a circle are those Which cointBin equal 
angles. 




^ 
^ 



Propositions, 

1 P. To find the centre of a given circle (ABC). 

Construction. In the circle draw any chord AB, 
and bisect it in D (a); through D draw CE at right 
angles to AB (6) ; bisect CE in F (a) ; draw FA, 
FB(c). ., I 

Argument.. In the trianele ADF, BDF, the sides ' 
AD, BD are made equal, and DF is common : also the 
angles at D are equal, being right angles (d) : there- ' 
fore the sides FA,rB are equal (e) ; and, being drawn 
from the bisectional point of CE, they are radii of the circle (/} 
wherefore the point F is the centre sought. 

Becite (a) p. 10, 1 ; (*) p. 11, 1 ; (c) post 1 ; 

(d)ax. 10, 1; (Op. 4,1; (/)def. 15,1. 

Corollary. The line which bisects another at right angles in » 
circle, passes through the centre of a circle. 
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2 Th. If any two points (A, B) be taken in the cir- 
cumference of a circle (ABC), the straight line (AB) 
which joins them, shall &11 within the circle. 

Constr. Find the centre D (a), and dnrw radii 
from D to A| B, F ; alao draw D£ perpmdicular upon 
AB (4). 

Argameiit In the triangle DAE the exterior an^e 
DEB exceeds the interior DAE (c), or its equal DBE 
(d); therefore the radius DB, or its equal DF (e\ 
exceeds the side DE (^^ ; and so the part DF exceeds 
the whole D£, whica cannot be admitted {g). 
Wherefore AB faUs not without ^e circle ; and it cannot fall upon the 
QJircumforence because it js a straight line (A) : it therefore fistlU within 
the circle. Q. £. D. 

Becite (a) p. 1, 3 ; (b) p. 12, 1 ; (c) p. 16, 1 5 





(rf)p. 5. 1; rOdef. 15.1; (/)p. 18, 1; 

(^) at. 9,1; (&)def4,l. 

3 Th. If a diameter (CD) of a circle (ABC) bisect a 
chord (AB) not paaung through the centre, the former 
will cut the latter at right angles ; and the chord so cut 
shall be bisected (in F). 

Argument. Find the centre E (a), and join EA, EB. 
Then,in the triangles EAF, EBF the bases AF, BF are 
equal, by hyp.; £A, EB are equal radii, and EF is com- 
mon: therefore the adjacent angles AFE, BFE are i 
equal (b) ; and so CD iHsects AB at right- angles in 
F(c). 

Again, since CD cuts AB at riffht anglea, the angles 
at F are equal (d) ; and so are the angles at A andB, 
Which are opposite to equal radii (e) ; therefore the 
angles AEF, BEF are equal (/), and likewise the sides AF, FB; 
that is, the chord AB is bisect^ in F. 

Wherefore, if a diameter of a circle, Sec. Q. E. D. 

Becite (a) p. 1, 3; (b) p. 8, 1 ; (c) p. 13, 1 ; 

(d) ax. 10, 1 ; («) p; 5, 1 ; (/) p. 26. 32, or 4 b* 1. 

4 Th. If in a circle (ABCD) two chords (AC, BD) 
cut each other (in E), which do not both pass through the 
centre, they do not bisect each other. 

Ajsnment 1. Let F be the centre ; then, if AC 
pass through it, BD cannot pass thi^ough F, by hyp* ; 
therefore AC is not bisected by BD (a). 

2. If neither of the chords pass through F, draw q| 
FE from the centre to the sectional point. Now 
because FE affects to bisect AC, and also BD, the 
angles FEA, FEB assume to be right angles (&), 
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and eq^ to eaeh o&er (c) ; and ao, a part emiala the whole, 
which u impossible (d): tberelbre neiuier of the coords is bisecte4 



m £< 

Wherefore, if in a circle, &g. 
Becite (a) def. 14, 15, 1 ; 
le) ax. 10, 1 : 



gjp.3,3 



Q..E. D. 



ax. 9, 1. 



5 Th. If two circles (ABC, ABG^ cut each other, they 
ahaU Qot have the aaxne centre. 

Argument. For, if possible, let E be the commoa 
centre; and let C be one of their sectional points; 
join C£, and draw a straight line tlFG, to meet the 
ciiscles in F and G. 

Then EC and EF, also EC ajid EG, are eqnid radii 
(a) ; and so, EF is equal to EG (^)— -« part equal to 
the whole, which cannot be admitted (c). 

Wherefore E is not the common centre; and £ is 
any point whatever. 

Hence, if two circles, dec. Q. 

Recite (a) def. 15, 1 ; (6) ax. 1 ; (c) ax. 9. 




E.D. 



6 Th. If two circles (ABC, CDE) touch each other 
internally, they shall, not have the same contTe. 

ArgiUQent. For, if posoble, let F be liie con^- 
inon centre, and C the point of contact : join FC, 
and draw a straight line FEB to meet thecindes 
inEandB. 

Then FC and FE, also FC and FB are equal 
radii (a) ; and -so, F£ and FB are equal (b) — a 
part eqaid to the whole, which is impossible (e). 

Wherefore, F is not ihe common centte ; nor 
is any other {)oint. 

Therefore, if two circles, &c. 

Becite (or) del*. 15,. 1 ; t^) ax. 1 ; (c) ax. 9. 




Q. E.D. 



7 Th* From any point (P) not the centre, in the diam* 
eter (AD) of a cirde (ABCD), the greatest straight line 
drawn to the circumference passes through the centre (B) : 
and FD, the other part of the diameter, is the least : and 
other lines drawn from that point diminish as they recede 
from the greatest towards the least: also^ from the same 
point, only two equal straight lines can foe dxawn, pne qp 
each side of the diameter. 




44 SECOND LESSONS IN GEOMETRT* [book in. 

Arroment L If straight lines be drawn from 
E ana F in the diameter, to the points B» C, 6 in 
the eircttmference ; there will he in each of the 
triangles BEF, CEF, GEF, a radius, and the side 
EF common, which are equal to AF ; bat one 
side of a triangle is less than the snm of the other 
two {a) ; therefore FG, FC, or FB is less than 
FA, which passes throngh the centre. 

2. And, because EG, or its equal ED (ft), that 
IS EF, FD, is less than EF, FG (a), taking away 
the common part EF, the remainder FD is less than the remainder 
FG ; but FD is the other part of the diameter. 

3. Also, since the sides CE, EF, though equal to the sides BE, EF, 
contain a less angle ; therefore (c) the base CF is less than the base 
BF. For like reason the base 6F is less than the base CF (d). 

4. Make now the angle FEH eoualto the angle FEG; Join FH: 
then because EG, EH are equal raoii, and EF is common ; the bases 
FG, FH are equal <e). But, besides FH, no straight line can be 
drawn from the point F to the circumference equal to FG ; for such 
line, as FK, must mcline towards the greatest or least,' and be greater 
or less than FH or FG. 

Therefore from any point, not the centre, &c. Q. E. D. 

Becite (a) p, 20, 1 ; (b) defl 15, I ; (e) p. 24^ 1 ; 

W p. 23,1; (e)p. 4, 1. 



8 Th. From any point (A) without a circle (BCD), the 
greatest straight line (AB) that can be drawn to the cotu 
cave arc passes through the centre (M) ; and other lines, 
drawn from the same point, diminish as they decline from 
the greatest. But of those which meet the convex arc, the 
least (AJS) is the exterior part of the greatest ; and the 
rest increase as they decline from the least : and only two 
of them can be equal, one on each side of the least. 

Argument f . The distance from A 
through M to B, C, or D is equal; but the ' 
straight Hue AC is less than &e distance 
from A to C through M (a); therefore AB 
is greater than AC, and it passes tfaorough 
the centre M. 

Zk Because the angle AMD is leas than 
the angle AMC, the base AD is less than 
the base AC (6), and it is more remote from AB. 

3. Again, because AE and EM are less dian AF and FM (a), tlnd 
that the radii EM and F^ are equal, AE is less than AF, and it is the 
exterior part of AB. 

4. Also, since AF, FM are less than AG, GM (c) ; take away the 
equal radii FM, GM, the remainder AG is greater than AF, and 
it 'M more remote from AE. 
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5. Make now the an^l? AMH equal to ^e anf^le AMF (d\ and 
join AH : then in the tnandes AFM, AHM; the side AM is common; 
HM and FM are eqaal radji, and die angles AMH, AMF srh eqoa]; 
therefore these two triangles are eqnal, and have the aide AH equal 
to AF (e). Moreover, no line bat AH can be drawn to the circtim- 
ference, equal to AF : fur such line, as Al, must decline more or leas 
firom AE, and be greMer or lesa than AF. 

Wherefore, feom any point without a cirde, &c. Q. El« D, 
Becite <«) p. 20, 1 : (b) p. .24, 1 ; (c) p. 21, 1 ; 

(d>;p.23,l; (Op. 4,1. 



9 Th. If from a point (D), within a circle (ABC), more 
than two equal straight lines can be drawn, that point is 
the centre of the circle. 

Constr. From the point 1> draw three equal 
straight lines DA, DB, DC : then, if D be not the 
centre, let it be E; and, through £ and D, draw 
FG ; which is iflierefore a diameter of the circle (a). 

Argument Because D is a point in the diame- G^ 
ter of a circle, not the centre, DG, which pesaea 
through the centre, is the greatest straight line 
that can be drawn from it to the circumference (b) ; 
and of the rest, DC is greater than DB, and DB than DA: but these 
three were assumed to be equal ; therefore the couditionB are incon- 
sistent; and mutt be, while E, or any point except D, is taken as the 
centre. 

Wherefore, if from a point, Ac. Q; E. D. 

Recite (<r) def. 16, 1 ; (Jf) p. 7, 3. 



l(^ Th. One circumference of a circle cannot cut 
another in morie dian two points. 

If it be possible, let the circumferences ABC, 
DEF mutually intersect in three points, B, 6, F; 
and let K be die centre of the circle ABC, having 
KB, KG, KF as equal radii. I 

Now, from a point K, within the circle DEF, I 
there are drawn to' the circumference more thtm 
Uoo equal straight lines : the point K is therefore 
the centre of the circle DEF (a), as well as that 
of ABC : and so, two circles which cut one another hare the same 
centre (b) ; which cannot be said of true drcles. . 

Wherefore, one circumference of a circle, &c. - Q. E. D. 

Becite (a) p. 9, 3 ; (b) p» ^, 3. 
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11 Th. If two circles (ABC, ADE), touch one another 
internally (in A), the straight line which joins. their cen- 
tres, being produced, ah§ll pass through their point of con^ 
tact. 

Argument. Let F, G, be their central points: 
then, a GF which joinfl them do not pass through 
A, it most pass otherwiBe, as through HDC : jom 
AF, AG. 

Then FA, FH are equal radii; as also GA, GH 
(a) : but FA is less than FG and G A (b\ or FG and 
GH, that is, than FH. To be equal and less cannot 
be admitted : therefore F and G cannot be the true 
centres, which must be in the same straight line 
with A, the point of contacts 

Wheii^ore, if two circles, &c. 

Becite (a) det 15, 1 } (b) p. 20, 1. 




Q. E. D. 




12 Th. If two circles (ABC, ADE), touch each other 
eztemally (in A), the straight line which joins their cen- 
tres shall pass through the point of contact. 

Argument. Let F, G, be their cen* 
tral points: then, if GF which joins 
them, do not pass through A, it must 
p^s^ otherwite, as ^irough FCDG: 
join AF, AG. 

Then FA, FG are equal radii; as 
also G A, GD (a) : therefore the two 
FA, GA are equal to the two FC, GD. 
But FG is groater than FC, GD, and therefore greater than FA, GA ; 
and so, one side of a triangle is greater than the other two ; but it is 
idso less (6), wMch is impossible. Therefore F and G are not the 
true centres, which must be,in'the same straight line widi A,^ tfao 
point of contact. ^ 

Wherefore, if two drcles, &c. ^. E. D. 

Recite (a) def. 15, 1 ; (ft) p. 20, L 

13 Th. One circle cannpt touch another in more than 
one point, whether they touch inside or outside. * 

Argument 1. If the circles ABC^DEF are said 
to touch each other internally in two points B, D; 
join BD ; and draw GH to bisect BD at right an- 
gles (if.) Then, as the points B, D, are in toe cir- 
cumference of each of the circles, the chord BD 
&lls within both {b\ and their centres aie in the. 
diameter GH (c) ; therefore GH passes through 
their point of contact (d), which is neither B, nor 
D: hence the chrcles which affect to touch each 
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other in B, D, are not.trtie; and so, one circle cannot tooclL.aaothflr 
on the inside in more than one point. 

2. Again, let the circles ABC, ACK tonch each other 
externally, as in A, C ; join AC Then because the points 
A, C, are in the circamference of each of the circles, the | 
chord AC &lls within both (6)*r-and so, while affecting 
only to touch, the circles intersect each other: therefore 
one circle cannot touch another on the outsjde in more 
than one jpoint. 

Whereforoi one circle cannot touch, &e. 

Q. E. D. 

Eecite(a)p.XO,ll,l; (i)p.2,3; 

(c) cor. p. 1, 3 ; . (d) p. 11, 3. 





14 Th. Equal chords (AB, CD), in a circle (ABCDX 
are equidistant from the cetitre ; and chords equidistant 
from the centre are equal to one another. 

Constr. Find the centre E (a), from which draw 
perpendiculars EF, EG, upon AB, CD (b) : join £A, 

Argument 1. The e<|ual chords AB, CD are bi- 
sected by the perpendicular^ EF, EG, drawn from 
the centre (d). Wherefore, &eir halves AF, CG are 
equal {d) ; and the squares of the halves are equal. 
Bat the squares of AF, FE, and of CG, GE, are 
equal to the squares of ^e equal radii EA, EC, each 
to each : therefore the squares of AF, FE are equal to the squares of 
CG, GE (e) : from these take the equal squares of AF, CG ; the remain- 
ing squares FE, GE are equal : and so, EF is equal to EG: tiierefore 
the chords AB, CD are equidistant from the centre {/). 

2. And if the central distances EF, EG are equal, tne chords AB, 
CD are also equal: for. the squares of the equal radii £A, EC are 
equal ; from whidi taking the equal squares of EF, EG, the remain* 
ders wiU be equal (g), wnich are the squares of AF, CG: therefore 
AF is equal to CG ; and they are halves of AB, CD, which are there- 
fore eqiml (k). 

Wherefore, equal chpids in a circle, &c. , ^ £. D. . 



Becite (a) p. 1, 3 ; 

(rf)ax. 7i 



)az.3; 



(i)p. 12, 1, and 3, 3; 
(«)p.47, 1; 
<4)az. a. 



(<r)cor. p. 1, 3; 
(/)def.4,3; 



15 Th. The diameter (AD) ia the greatest chord in a 
circle (ABCD) ; and of all others, the chord (BC) nearer 
to the centre (E) is greater than one more remote (FG) ; 
and the greater is nearer to the centre than the less^ 

Constr. Draw EH, EK perpendicular on BC, FG (a)^ join EB, ' 
EC, EF, (b^. 
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Argament 1. The one side BC is leas tW the 
two EB, EC (0), or their equals EA, £D'<6), that is, 
ADf which 18 therefore greater than B(L 

2. The equal radii EB, EF have equal squarea, 
and &ey mihtend right angles at H, K (d) ; there- 
fore the two squares on E$I, HB and the two on 
%Kj KF are equal. But EH is less than RK, and its 
square is the less; therefore the square on HB ex- 
ceeds ^baX on KF ; and so HB is greater than KF. 
But these are the halves of BC, FO, wfaicfa are bisected in H, K («) ; 
therefore BC is greater than FG. . 

3. And, if BC be greater than FG, it is nearer the centre. For 
the two squares on EH, HB prove equal to the two on EK, KF, 
and that on HB exceeds that on KF ; therefore, of the two squares 
which remain, that on EH is less than that on EK; and so, £H is less 
than EK: therefore BC is nearer the centte than FG (/) . 

Wherefore, tia^ diameter is the greatest chord, &c. 

Q. E. D. 
. Beeite (a) p. 12, 1 ; (b) def. 15. 1 ; (e) p. 20. 1 ; 

(d) p. 47,1; <«)p.3,3; </)def. 4,3. 



16 Th. ThQ straight line (AE) drawn at right angles 
to the diameter (AB) of a circle, from its extremity, &lls 
without the circle ; and no straight line can make an acute 
angle with that diameter so great, or with the line which 
falls without the circle so small, as not to cut the circle. 

1. For if a straight line, as AC, can be drawn ^ — -^ 
from the point A, at right angles to AB, so as to fall / j\C 
within the circle, draw DC : f yy\ 

Then, becanseof the equal radii, DAC is an isos- q a 
celes triuigle (a) ; and the angles DAC, DC A are 
equal (6) ; ana both right angles : ^or DAC is a riffht angle : add the 
angle ADC ; therefore the three angles of a trian^e are greater than 
two righf angles (c), whieh is impossible. Therefore a straight lino 
caimot be dr^wn from the point A to &U within the circle, and be at 
right angles with the diameter. Neither can it &II upon the circnm- 
ference and be a straight line ((2). ,It falls th^reford without the 
circle. 

2. Again, if a straight line, as AF, can be drawn F E. 
between AE and the circumference, make DG per- ^ — ^^Oil^ 
pendicular to AF, cu^ng the circumference in H : / /&\ 
th6n, because DGA affects to be a right, angle, and . / / \ 

DAG is acute, the side DA («), or its equal DH, X ^ \ 

nrast be greater than. DG: but a part is not giseater 

than the whole ^/). Therefore AF cuts the circle. 

Wherefore, the straight line drawn, &6. Q. E. D. 

Beeite (a) def, 24, 1; (*) p. 5, 1; (c) p. 32, 1; 

(d) def. 4, 5, 1 ; (c) p. 18, 1 ; (/) ax. 9. 
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Cor. The straight line drawn at right angles to, the diameter or 
radius, firom its extremity, touches the circle, and only in one point; 
for it would cut the circle if it should meet it in two, by p. 2, 3 : 
and in the same point only one line can touch the circle. 

17 P* To draw a straight line from a given point (A), 
without a circle (BCD), or in the circumference (as at D), 
which shall touch the circle. 

Constr. Find the centre E («)-; join EA ; and 
upon E, with the radius EA, describe the circle 
AFG; from the point D draw DF at right angles 
to EA (6) ; join EBF and AB. 

Argument 1. Because of the equal radii (e) 
the triangles AEB, FED have two sides AE, EB 
in the one, equal to two sides FE, ED in the oth- 
er, and the angle at £ common ; therefore (d) 
the remaining sides AB, FD are equal ; as also 
the angles opposite to the equal sides; namely, ABE to FDE: but 
FDE is a right angle ; and so, ABE is the same ; and the radius EB 
meets AB at right angles in the circumference: therefore AB tooches 
the circle (e), and it is drawn ilrom the enven point A. 

2. If the given point be in the eircumference, as at D, draw DE to 
the centre, and DF at right angles to DE: DF is drawn to toach the 
circle (e) ; which was to be done. 

Recite (a) p. 1, 3; (b) p. 11, 1: (c) del 15, 1; 

id) p. 4, 1 ; (e) OCT. 16, 3. 

18 Th. If a straight line (DE), touch a circle (ABC), 
the radius (FC) drawn to the point of contact (C) shall ji 
perpendicular to the tangent, or touching line. 

Constr. Find the centre F (a) ; and if FC be 
not perpendicular to DE, draw FBG perpendicu- 
lar to it (6). 

Argument. Because FGC affects to be a right 
anele, FC6 must hb less than a right angle (c) ; 
and F6 is therefore less than FC (d), or its equal 
FB (e); but the whole is greater than its part 
(/) : wherefore FG is not less than FB, nor if it q- 
perpendicular to DE ; neither is any other line 
drawn from Ae centre which does not meet DE in the pomt of con- 
tact. FC is therefore perpendicular to DE. Q. E. D. 

Recite (a) p. 1, 3; (b) p. 12, 1; (<) p. 32, 1 ; 

(rf)p.l8,l; (/)def.l5,l; (/) ax. 9. 

19 Th. If a straight line (DE) touch a circle (AfiCJ, 
and from the point of contact (C) a straight line (AC) be 
drawn in the circle, at right angles to that tangent, the 
centre of the circle shall be in that straight line. 
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Argameiit If the centre of the circle he not 
in AC, it must be out of it, aa in F ; jom CF. 
Then because DE touches the circle, and FC / 
affects to be drawn from the centre to the point / 
of contact, FC is perpendicular to DE {a), and ( 
the angle FC£ is a right angle (6) : but ACE ^ 
is a right angle \ and ^1 right angles are equal \^ 

to one another {c) \ therefore FCE is equal to g 

ACE : but the whole is greater than its part (<2) ; 

and two magnitudes cannot be at once equal and unequal : therefore 

F is not the centre; neither is any point on the right or left of AC. 

Therefore, if a straight line, &c. Q. £. D. 

Bedte (a) p. 18, 3 ; (6) def. 10, 1 ; 

(c)ax. 10; (d)ax.9. 




20 Th. The angle at the centre of a circle is double 
the angle at the circumference upon the same arc. 

The angles AEB, BEC, AEC are central: 

The angles ADB, BDC, ADC are at the circumfer- 
ence, and upon the same arcs as tiie former. Draw 
the diameter DEG. 

Beeause of the eqnal radii, the triangles EAD, 
EBD, ECD, are isosceles (a), and have equal angles 
opposite to the equal sides (jH), 

And, because the side DE is produced, the exte- 
rior angle AEG is equal to the two interior opposite angles EAD, 
EDA (c), or double EDA ; the exterior BEG to the two mterior EBD, 
KDB, or double EDB; and the exterior CEG to the two interior 
ECD, EDC, or double EDC. 

Therefore, the sum of AEG and BEG is double the sum of ADG 
and BDG; that is, AEB is doable ADB. 

And the ditFerence of AEG and CEG is double the difference of 
ADG and CDG ; that is, AEC is double ADC. 

Wherefore, the angle at the centre, &c. Q. E. D. 

Eecite (a) de£ 24, 1; (6) p. 5, 1 ; (c) p. 32, 1. 




21 Th, The angles in the same segment of a circle 
are equal to one another. 

Let BAED be a sesment: the angles BAD, BED 
are equal to one another. 

1. If the centre F be in the segment, join FB, 
FD: then because the angle BFD is at the centre 
and the angles BAD, BED at the circumference, on 
the same arc, each of the latter is half the former 
{a) ; — and halves of the same are equals (i) : there- 
lore BAD is eqnal to 9ED. 
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2. If the centre F be not in the segment, draw 
the diameter AFC, and join CE : then, the angles 
BAC, BEC, in the same segment are eqnal, hj case R 
1 ; and the angles CAD, CED are equal, fur the 
same reason ; therefore, BAC and CAD are equal to 
EEC and CED ; that is, BADis equal to BED. 

Wherefore, the angles in the same segment, &c. 

Q.E. D. 

Recite (a) p. 20, 3 ; (J) ax. 7. 




122 Th. The opposite angles of any quadrilateral figure 
inscribed in a circle (ABCD) are together equal to two 
right angles. 

In the quadrilateral figure. ABCD, the two angles 
ABC, ADC are equal to two right angles : join AC 
and BD. 

In the triangle ABC, the three angles are equal 
to two right angles (a) ; but the angles ACB, ADB, 
as also the angles BAC, BDC are equal (b); there- A^ 
fore, the two ACB and BAC are equal to ^e two 
BDC and ADB; that is, to ADC: to each side add 
ABC ; then the three ACB, BAC, ABC are equal to^ the two ADC 
and ABC ; but the three are equal to two right angles ; and so, the 
two are equal to the same. 

In this manner, it may be shown that BAD and BCD are also equal 
to two right angles. 

Theretore, the opposite angles, &c. Q. £. D. 

Recite (a) p. 32, 1; (b) p. 21, 3. 




23 Th. Upon one side of the same chord (AB) no two 
similar segments of circles can be described^ which shall 
not coincide with each other. 

If possible, let the sesments ACB, ADB, which 
are on the same side ox AB, and do jiot coincide, 
be similar. 

Then, since the circles, of which these are seg- 
ments, can cut each other only in two points (a); 
the segments may meet each other only in the 
points A, B. Draw the straight line BCD; and join AC, AD. 

Now similar segments contain equal angles (6) ; therefore the angles 
ACB, ADB are equal: but ADC is a triangle, and its exterior angle is 
ACB, which exceeds the interior ADB, (c) : therefore, since one an- 
gle cannot be equal to, and greater than another, the segments ACB, 
ADB are not similar. 

Therefore^ upon one side of the same chord, &c. Q. E. D. 

Recite (« ) p. 10, 3 ; (6) def. 7, 3 ; (c) ; p. 16, 1. 
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24 Th. Similar segments of circles (AEB, CFD), 
upon equal chords (AB, CD), are equal to each other. 

Argument. If the segment AEB be applied to the 
segment CFD, because tlie chords are ecinal (a), 
their extreme points A, B, and C, D, shall coincide : 
but ttio siime poinU are the extremities of the arcs, 
Avhlch must also coincide; because the segments 
ai*e similar (6): therefore, the perimeters every- 
where coincide and bound the same Bpace (c). 

Therefore, similar segments, upon equaJ chords, 
&c. Q. E. D. 

Recite (a) def. 3, 1 ; (b) def. 7, and p. 23, 3 ; "* " 

(c) def. 37, 1. 

25 P. A segment of a circle (ABC) being given, to find 
the centre, or to describe the circle. 



1. Bisect AC in O (a); through D, draw DB at 
right angles to AC (b) ; join AB : then if the an- 
gles BA1>, ABD be equal, the sides DA, DB are 
equal {c\ and D is the centre sought. 

2. If DB be less, or greater than DA, or DC, 
make the angle BAE equal to the angle ABE 
(d) ; then EA equals EB (e) ; join EC. And, be- 
cause of the right angles at D ; and that DA, DE 
are equal to DC, DE, the bases EA, EC are equid 
(e). Therefore, since three equal stn^ight linos, 
EA, EB, EC, are drawn from liie point E to the 
circumference, E is the centre of the circle (/), of 
which ABC is a segment. 

Recite (a) p. 10, 1 ; C*; p. 11, 1 ; 

rc;p. 6, 1; (d)p.23,l; 

C«;p.4, 1; r/;p.9,3. 




•^ 




26 Th. In equal circles (ABC, DEF) equal angles at 
the centres (BGC, EHF), or at the circumferenees (BAG, 
EDF), stand upon equal arcs. 

Argument. Join BC, EF ; then, 
since the circles are equal, the 
radii are also equal {a); and 
since the ansles BGC, EHF con- 
tttitiod by tne equal radii, are 
equal, the base BC is equal to 
the base EF (J>). 

Again, because the angles at A ^ 
and D are equal, the segments containing them are sinoilar (e)i also, 
because the chords are equal, the segments containing the equal an- 
gles are equal {d) : therefore, if the equid segments be taken from 
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the eqaal circles, the Begments left will be equal (e) : .and so, the 
segments BKC, ELF are equal: and the an: BKC is equal to the am 
ELF. 

Wherefore, in equal circles, equal angles, &c. Q. E. D. 

Recite (a) def. 15, 1 ; (*) p. 5, 1 ; (c) def. 7, 3 ; 

{d) p. 24, 3 ; (c) ax. 3. 



27 Th. In equal circles (ABC, DEF), equal arcs 
(BKC, ELF) subtend equal angles, whether at the centres 
(BGC, EHF), or at the circumferences (BAG, EDF). 

Argument. If the central an- 
gles be equal, their halves at the 
circumferences wi]l be equal 
(a) ; but if unequal, one of them, 
as BGC, IB the greater: make 
BGK equal to EHF (b). Now 
equal angles stand upon equal 
arcs (<r) ; therefore, the arc BK 
is equal to the arc ELF, or its equal BKC : so the part is e<p2al to the 
whole; but it is not (d). Therefore, BK is not, but BKC is equal to 
ELF ; and the angles BGC, EHF, at the centres, vte equal; and their 
halves, A and D, at the circumferences, are also equal. 

Wherefore, in equal circles, equal arcs, &c. Q> E. D. 

Becite (a) p. 20, 3 ; (b) p. 23, 1 ; 

p. 26, 3; id)BJi. 9, 1. 







28 Th. In equal circles (ABC, DEF) equal chords 
(EC, EF) cut off equal arcs ; the greater equal to the 
greater, and the less to the less. 

Let the greater segments be 
BAG, EDF, and the less BGC, 
EHF. Find the centres K, L 
(a) ; and drupr radii to B, C, and 
to E, F. 

Then since the circles are eq^ual, 
the radii are equal (b^ ; and, smce 
the chords are eqnaJ, the angles 
at K, L, are also equal (c). But 
equal angles stand upon equal arbs (d); 
is equal to the arc EHF. 

Again, taking the arcs now proved equal, from the equal cir- 
cumferences, the remaining arcs are equal; namely, BAC to EDF(«). 

Wherefore, in equal circles, equsd chords, &c. . Q. E. D. 

JEtecite (a) p. 1, 3 ; (b) def. 15, 1 ; (c) p. 8, 1 ; 
I p. 26, 3 ; (e) ax. 3, 1. 
5* 




therefore, the arc BGC 
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29 Th. In equal circles (ABC, DBF), equal arcs are 
subtended by equal chords. 

Let the ftroi BGC, EHF be 
equal ; the chords BC, £F shall 
also be equal ; win K to B and C, 
and L to E and F. 

Then, becanse the area are 
eqoal, the central angles are equal 
(a) ; and because the circles are 
etiual, the radii are equal (i) ; and, 
since the triangles BKC, ELF have 

two sides, and the contained angle in the one eqnal to the 
the other, their bases are equal (c) ; namely, the chords BC, 

Wherefore, in equal circles, equal arcs, &c. Q. E. 

Recite (a) p. 27, 3; (b) def. 15, 1 ; (c) p. 4, 1. 




sameia 
EF. 
D. 



30 P. To bisect a given arc (ADB) ; that is, to divide 
it into two equal parts. 

Constr. Draw the chord AB, and bisect it in C 
(a) ; draw CD at right angles to AB (b) ; join DA, 
DB. 

Argnment. Becanse of the right angles at C, ancT 

that CA, CD are equal to CB, CD, the triangles ^^ 

CAD, CBD have their bases eaual (c); namely, A C B 

the chords AD and BD. Now these equal chords cut off equal arcs 
(d), less than semicircles ; because DC produced is a diameter (e) : 
therefore the given arc is bisected in D, as required. 

Becite (a) p. 10, 1 ; (J) p. 11, 1 ; (r) ax. 10 and p. 4, 1 ; 
(d) p. 28, 3 ; (c) p. 15, 3. 




31 Th. In a circle, the angle in a semicircle is a right 
angle, in a greater segment the angle is acute; in a less 
segment the angle is obtuse. 

Let ABCD be a circle, BC a diameter, E the 
cfntre, BAC a semicircle, ABC the greater seg- 
ment, and ADC the less. Join AE, imd produce 
BAtoF. 

1. The radii EA, EB, EC are opposite to equal 
angles (a) ; that is, the angles EAB, EBA, EAC, ^ 
EC A are equal to each other ; and they are equal 
two and two : therefore EBA and ECA are equal 
to EAB and EAC, or the whole angle BAC. But 
if one angle of a. triangle be equal to the other two, it must be a right 
angle {b) ; therefore BAC, an angle in a semicircle, is a right angle, 

2. Again, since in the triangle ABC, the two angles E6A« ECA are 
equal to the right angle BAC, each of them is less than a right aik 
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gle : therefore ABC, the angle in the greater segment, i» leas tiban a 
right angle. 

3. Also, the qnadrilateral ABCD, being inscribed in a cirde, any 
two of its opposite angles are equal to two right angles (c) ; there- 
fore, sinoe ABC proves to be acute, its opposite ADC is obtuse, and 
it is in the less segment. 

Wherefore, in a circle, the angle, &c. Q. E. D. 

Recite (a) p. 5, 1 ; (b) jj. 32, 1 ; (e) p. 22, 3. 

Cor. If an angle of a triangle be ei^nal to its adjacent angle, it is 
equal to the other two (pi 32, 1), and is therefore a right angle« 



32 Th. If a straight line (EF) touch a circle (ABC), 
and from (B), the point of contact, any chord be drawn in 
the circle, the angles thus made, on either side, shall be 
equal to the angles in the alternate segment. 

1. If the chord BA pass through the centre 
(a)^ each of the se^ents will be a semicircle, 
and shall contain a eight angle, equal to ABE, or 
ABF (*). 

2. if the chord BD make obli(]ue angles with 
EF (c); join AD: then BDA is an angle in a 
semicircle, sad therefore a right angle, equal to 
ABF, as before ; or to the sum of BAD ana ABD ^ 
(d): from each of these equals take ABD, the 
remainders DBF and DAB are equal (e) ; and the latterii in the aU 
temate segment made by DB. 

3. At any point C, in the less segment, make an an^le BCD ; then, 
since ABCD is a quadrilateral inscribed in a circle, its opposite an- 

Bfore BAD, BCD are to- 

provea equal to DAB; 




gles are equal to two right angles ( /*); therefore BAD, BCD are to- 
gether equal to DBF, DBE {g) : but DBF proves equal to DAB 
merefore DBE is equal to BCD, which is in the alternate segment 



Wherefore, if a straight line touch, &c. 
Recite (a) p. 19, 3 ; (ft) p. 31, 3 ; 

(d) cor. 31, 3 ; (e) ax. 3, 1; 

(^5 p. 13,1, 



Q. E. D. 
("O Note def. 8, 1; 
(/)p.22,3; 



83 P. U^n a given straight line (AB), to describe a 
segment of a circle, containing an angle equal to a given 
rectilineal angle (C). 

In every case, whether the given an^le r- 
C be right, or oblique, bisect the given hne ^ 
AB in the point F (a), 

1. Let C be a right an^le : then, npoa F as 
centre, describe the semicircle AHB ; join H 
to A and B. The angle at H^ being in a semi- 
circle, i»a right angle (b), and therefore equal 
to C (c). 
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3. Let C be any oblique angle (dy, make, 
at tbe i>otut A, angles BAD, equal to C, and 
DAE a right angle (c) ; draw FG at right an- 
gle* to AB (/); join GB. 

Now, on account of the right angles at F, 
and that FA, FG are equal to FB, FG, the 
bases GA, GB are equal (g) ; and about G as 
centre, a circle may be drawn to pass through 
the points A, E, B, of the greater segment, 
and A, H, B, of the less ; and DA shall touch /C 
the circle in A (&). Therefore the angle AEB / p^i 
IS equal to BAD, or C, acute ; and the angle ' 

AHB is equal to BAD, or C, obtuse. 

Therefore, upon the given straight line, a 
segment has been described, containing an 
angle given in variety of magnitude, as right, 
acute, and obtuse. 





Q.E.F. 



Becite (u) p. 10, 1 ; (b)p. 31, 3; 
(<i) Note def. 8, 1; («) p. 23, 1 ; 
(^)p. 4, 1, and cor. p. 1,3; 



(c) ax. 10, 1 ; 

(/)p.ll,l: 
{h) p. 31, 32, and oor. 
p. 16, 3. 



34 P. To cut off a segment from a given circle (ABC), 
which shall contain an angle equal to a given rectilineal 
angle (D). 

^ Constr. Draw any tangent, as £F, touching the 
given circle in a point B (a) i and at the point B, in 
the straight line FB, make the angle FBC equal to the 
angle D (d). 

Argument. Because EF touches the circle ; and 
from B, the point of contact, a chord BC is drawn in 
the circle; there are two angles equal to the two in 
the alternate segments (c): therefore the angles FBC 
and BAG are eqoal ; but FBC was made equal to the given angle D; 
and so, BAG is equal to D (d) ; and it is in a segment cut off from 
a given drele ; which was to be done. 




Recite (a) p, 17, 3 ; 
(c) p. 32, 3 ; 



(*) p. 23, 1 ; 
(d) ax. 1. 



S5 Th. If two chords (AC, BD) in a circle cut each 
other, the rectangle of the segments (AE, EC) of one of 
the chords, is equal to the rectangle of the seetnents (BC, 
CD) of the other. ^ « v > 
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1. If the sectional point E» be the oentre of the 
circle ; then it is obvious that A£ X KC equals B£ X 
£D : for the segments are eqlial radii (a)» 

2. If the chords cut each other at right angles 
in E, but not iu the centre, one of them AC is bisect- 
ed in E fA J, the other passes through the centre F, 
where it is bisected (c) : join AF. Now, since BD 
is divided equally iu F, and unequally in E, BF*, or 
AF9=BEXED+EF^ frf;=AE2+EF« Cc): from 
each of these equals take EF^ ; then BEX ED»A£3, 
AEXEC: for AE equals EC. 

3. If BD pasr through the centre F, and cut AC 
obliquely in E, draw FG perpendicular to AC (b) ; 
join AF: therefore, since BD is bisected fb. F, and 
AC in G, and both unequally divided in E, 

BF««BExED+EF2(d);andEF2==EG3-fGF«(0; 
AG^=AExEC+EG2(d); to these add GF« (/); 
then, AG»+GF8^AEXEC-l-EG2+GF3«AF«(c)«. 
BF^: therefore, BExED+EG«-f GF3«AExEC-f 
EG2-f-GF«; from which equals taking EG^+GP, 
which are common, BExED«AExEC (/). 

4. If neither AC nor BD pass through the cen- 
tre F, draw the diameter GEFH ; then Bmce either 
of the rectangles AE X EC, or BE X ED proves equal 
to GExEH, as above; in this case also AExECs 
BEXEDC/;. 

Wherefore, if two chords in a circle, &c. 




Q. £. D. 



Bocite (a) def. 15, 1 \ (b) p. 3, and cor. p. 1, 3 ; (c) def. 14, 1 ; 
(d) p. 5, 2 ; («) p. 47, 1 ; (f) ax. 1, 2, 3, 



36 Th. If from any point (D) without a circle (ABC) 
two straight lines be drawn, one of which (DCA) cuts, 
and the other (DB) touches the circle, the rectangle of the 
secant and its exterior part i$ equal to the square of the 
tangent. 



1. If the secant DCA, pass throngh the centFo of the 
circle E, join EB: theii iSbD is a right angle {a) ; and 
DE^*«DB3-f-BE3 (b)', and becanse AC is bisected in 
E and produced to D, DE*« AD X DC-f GE* (e) ; there- 
fore DB2-|-BE«^ADxDC-fCE« (d): take now from 
both sides the squares of the radii BE, CE, the remain^ 
ders are equal (js); namely, DB*=«ADxDC. 
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2. It the lecant DCA pass on one side of the centre 
E; join EB, EC, ED, and draw EF perpendicular to 
AD (/); therefore DE«— DIT^+FE^ (6)=«DB*-fBE^ 
as above : and because AC is bisected iu F and prodiictnl 
to D, DF«= AD-f-DC CF^ (c) ; to both sides add FE'* ; 
therefor© DF^+FE^—ADxDC+CF^+FE' (g): but 
CF=*-|-FE««CEs (i)^ or BE^; substituting the latter. 
DF*-|-FE*— ADxDC-f-BE'; therefore DBi-t-BE«= 
ADXDC-l-BE^: take from these BE*, which is com- 
mon, DB«=ADXDC (c). 

Cor. If ftom any point A, without a circle, two se- 
cants AEB, AFC be drawn; the rectangle of the one 
AB, and its exterior i>art AE, is equal to the rectangle 
of the other AC, and its extvrior part AF : for each of 
these rectangles is equal to &e square of the tangent 
AD(d). 

Wherefore, if from any point without, &c. 




Q.E. D. 



Recite (a) p. 18, 3 ; 
Wax. 1; 



)ax. 2. 



p. 47,1; 
e) ax. 3 ; 



(Op- 6, 2; 
(/)p.l2,l;al8op.3,3; 



87 Th. If from a point (D), without a circle (ABC), 
two straight lines be drawn, one (DB) meeting, and the 
Other (DEA) cutting the circle; if the rectangle of the 
cutting line and its exterior part (DC), be equal to the 
square of the line which meets the circle, the latter line 
shall touch and not cut the circle. 



Draw the tangent DE (a) ; find the centre of the 
circle F (i); iom FE, FD, FB: then FED is a right 
angle (e) : and because DE touches and DCA^uts the 
circle, DES»ADxDC {d) ; but DB^ is given equal to 
the same rectande; therefore DB' equals DE'', and ^p 
DE is equal to DB ; the radii FB, FE are also equal, 
and FD is common to the two triangles DBF, DEF; >^ 
which have therefore three sides in the one equal to ^ 
three sides in the other; therefore (e) the angle DBF is equal to th? 
angle DEF; and the latter being a right angle by construction, the 
former is also a right angle; and so, the. straight line DB touches the 
circle (/). 
erefore, 




Therefore, if from s point without a circle, &c. 



Q. E. D. 



Becif!e(a)def. 2, 3; 
(<i)p.36 »; 



Wp.1,3; 
(e) p. 8, 1 ; 



(c")p. 18,3; 

(/) P- 16, 3 and cor. 
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38 P. To construct a rectangle equal to a given 
square, having the difference of its adjacent sides equal to 
a given line. 

Let C be the side of a given t^uare, and AB the 
difference of the sides of an equivalent rectangle. 

Describe a circle on the diameter AB; at die 
extremity A, of the diameter, draw tiie tangent 
AD, equal to C ; throagh the centre O, draw DF, Qi 
catting the circle iu £r F. Then the rectimglo ' 
DEX DF equals the square of AD (a), or its equal \ 
C; and the difference of D£ and DF is £F, V^faich ^ 
. is equal to AB. 




Recite (a) p. 36 of b. 3 



BOOK FOURTH. 



Definitians, 

1. One rectilineal figure is said to be inscribed in aisother, when all 
the angles of the former are upon the sides oi the latter. 

Note. — Regular polygons, which have the same number of equal 
sides, thus inscribed, form a series, and have a certam ratio to each 
other. 

2. One rectilineal figure is described about 
another, when all the sides of the former pass 
through the angular points of the latter. 

3. A rectilin^ figure is inscribed in a circle, 
when the angles of the former are all in the cir- 
cumference of the latter. And in this case, the 
circle is said to be described about the rectilineal 
figure. 

4. A rectilineal figure is described about a cir- 
cle, when each side of the former touches the circumference of the 
latter. And in this case, the circle is said to be inscribed in the rec- 
tilineal figure. 

5. A straight Hne is said to be placed in a circle, when its exisreme 
points are in the circumference. 




Propositions. 

IP. In a given circle (ABC) to place a chord equal 
to a given straight line (D), not greater than the diameter. 



Draw BCj the diameter of the circle: 
then if the given straight line D, be equal 
to BC, there is placed in the circle such « 
chord as was required. 

But if D be not equal to BC, it cannot be 
greater (a) ; make CE equal to D (ft) ; and 
with CE as radius, upon the centre C, de- 
scribe the circle AEF (c);Join CA (d): 
therefore, in the circle AEF, CA and CE are 

equal radii (e) : but CE is equal D ; therefore CA is equal to D; and 
it is a chord (f), not greater than the diameter, placed in the 
vhicn was to be done. 




circle ABC; which 

Becitdra)p. 15, 3; (b 



3,1; 
f. 15, 1 ; 



(c) pos. 3 ; 
(f)def 18 I. 
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2 P. In a given circle (ABC), to inscribe «i triangle 
equiangular to a given triangle (D£F). 

Construction. Draw the tangent 
GAH (a); at A, the point of contact, 
make &e angle HAC equal to the angle 
E, also the angle GAB equal to the an- 
gle F (A) ; join BC. 

Argument Because the straight \me 
GAH touches the circle ABC, and from 
the |>oint of contact A, the straight lines 
AB, AC are drawn, the angle HAC is equal to B, and the angle GAB 
is equal to C, in the alternate segments of the circle {c\ But HAC 
is made equal to E, and GAB to F, of the ^ven triangle ; therefore, 
the angle B is equal to £, and the angle C is equal to F, (d) ; so ^e 
third angles BAC and D must be equal (e). Therefore, the triangle 
ABC has all its angles equal to those of the given triangle DEF, each 
to each ; and it is inscribed in the given circfe ABC, which was to be 
done. 

Eecite(a)p. 17,3; W23, 1; (c)p.32,3; 

(d) ax. 1 ; (e) p. 32, 1. 



3 P. About a given circle (ABC), to describe a trian- 
gle equiangular to a given triangle (DEF). 

Produce EF both ways to the points G, 
H: find K, the centre of the given circle 
^a) ; draw any radius KB ; at the point K, 
in BK, make angles BKA, BKC equal to the 
exterior angles DEG, DFH, each to each (b) ; 
draw tangents through the points A, B, C 
(c), to meet in the points M, L, N. There 
fore LM, LN, MN, meet the radii at right 
angles in the points A, B, C {d) : and because 
the quadrilateral AMBK may be divided into two right angled trian- 
gles, whose angles are equal to four right angles (e) ; and that two of 
Its angles at A and B, are right angles, the other two, AKB, AMB, 
are equal to two right angles ; but the two angles DEF, DEG are 
also equal to two right angles (f)^ and BKA was made equal to DEG ; 
therefore, the remaining angles DEF, AMB are equal. It may be 
proved, in this way, that the angles DFE and N are also equal ; and 
BO the third angles D and L must be equal (e). Wherefore, about a 
given circle a triangle is described equiangular to a given triangle ; 
-which was to be done. 

Eecite (a) p. 1, 3 ; (b) p. 23, 1 , (c) p. 17, 3 ; 

(d) p. 18,3; CO p. 32, 1; f/; p. 13, 1. , 

6 
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4 P. To inscribe a circle in a given triangle (ABC). 

Conatr. Bitect the angles B aad C (a), by 
■tr&ight lines BD, CD, meeting in D, from which 
point diaw pexpendicolara to meet the sides of 
the triangle m &» paints E, F, G {by 

Argument. The triangles BDE, BDF are equal, 
for the following reasons, viz. The angles EBD, 
FBD, are halves of the angle EBF (c); BED, 
BFD are right angles (<2), and itD is common to 
the two triangles: therefore DE is equal to DF 
(e) : for like reason, DG is also equal to DF, or DE ; and the circle de- 
scribed upon the centre D, at the distance of any of them, will pass 
through the points E, F, G ; and be inscribed m the given triangle 
(/) ; which was to be done. 




Becite («) p. 9, 1 ; 
Id) ax, 10 \ 



(*)P.12,1; 
(«)p.2«,i; 



!?> 



ax. 7; 
def. 4, 4. 



5 P. 
(ABC). 



To describe a circle about a giren triangle 



Constr. In points D, E, bisect the sides AB, 
^C, of the given triangle (a); draw DF, EF, at 
right angles to the sides (6^ ; and, if the point F be 
on the side BC, join FA; if within or without the 
triangle, join also FB, FC. 

Argument. Now, on account of the right angles 
at D {e), and that DA, DF are equal to DB, DF, 
the bases AF and BF are equal (d). In like man- 
ner it may be proved that FC is equal to FA, or 
FB : therefore F is the centre of a circle passing 
through the three points of the triangle, as re- 
quired (e). 



Itecite (a) p. 10, 1 



(e) ax. 10, 1 ; 



(ft) p. 11, 1; 
Wp.4,1; 



,c) p. 9, 3. 
Corollary. The point F is within, on the side, 
or without the triangle, according as it may be 
acute, right, or obtuse angled. 




6 P. To inscribe a square in a given circle (ABCD). 

Draw, in the circle, the diameters AC, BD, at right angles to each 
other (a) ; they will divide the circumference into four equal area 
(ft); draw also the chords AB, AD, CB, CD, which are all 
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equal to each other (c). Now each of the an* 
gleg made by the chorda, at A, B, C, D, is in a 
semicircle, aiid is therefore a right angle (d). 
Wherefore, the (jjuadrilateral ABCD> has four 
equal sides and lour light angles, and is there- 
fore a square (e), inscribed in the given circle, 
fiecite (a) dcf. 10, 1 ; (b) p. 26, 3 ; 

(c) p. 29,3; (rf)p.31,3; 

(e) def. 30, 1. 




r 



7 P. To describe a square about a given circle 
(ABCD). 

Draw the diameters AC, BD, at right angles 
to each other (a) ; also tmgeuts {b) to the circle, 
through the poiuts A, B, C, D, at right angles to 
the diameters, meetiue in the poiuts F, G, H, K. 

Now, because of tine equal alternate angles 
(e) GBD, BDK, the side GH is parallel to FK: 
tor the same reason GF is parallel to HK : there- _ 
fore FGHK is a parallelogram, whose opposite H 
sides and angles are equal (d) : but because any 
one of the angles at E and an interior angle on the same side of 
those at the poiuts A, B, C, D, are equal to two right angles («); 
therefore each of the angles F» G, H, K, is a right angle. Wnereforey 
since the equal sides touch the circle and meet at right angles, there 
is a square described about the circle as was requireid (/). 

Eecite (a) cor. p. 1, 3 ; (b) def. 2, 3 ; 

(c) p. 27,1; {d) p. 34,1; 

(Op. 29, 1; (/) def. 30, 1, and 2, 4. 




8 P. To inscribe a circle in a given square (ABCD). 

Bisect two sides AB, AD, of the given square, 
in the points E, F (a); draw EH, FK parallel to 
AB, AD (b) : then the interior angles A, E and 
also A, F, are equal to two right angles (c): for 
the same reason all the angles about the noint G 
are right angles ; therefore the opposite siaes GE, 
GF, GH, GK are equal (d), and G is the centre 
of a circle that shall touch the sides of the given. 
square, iu E, P, H, K (f), and be inscribed therein, as required (/>. 

E^ite (ff) p. 10, 1 ; (b) p. 31, 1 ; U) p. 29. 1 ; 

{d) p. 34, 1 ; (0 def. 3, 3 ; (/) def. 14, 1. 

9 P. To describe a circle about a given square 
(ABCD). 

Join the opposite angles of the given square by the diameters AC« 
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BD, intersecting each other in E. Then the tri- 
angles ABC, ADC, have two sides AB, AD, equal, 
and AC common ; also the bases BC, DC are equal; 
therefore the angle CAB equaU the angles CAD 
(a). 

In like manner, it is shown, that the other an- 
gles of the square are bisected by the straight lines 
AC, BD. (*): but the angles of the square are all ^^ ^ ^„ ^ ^^ 
equal to each other (c); therefore the halves RDA, BDC, ACB, ACD, 
DBA, DBC are also equal to each other {d) ; and their bases LA, EB, 
EC, ED are equal (c), and E is the centre of a circle that shall pass 
through the angular points A, B, C, D, (/). ^ 

Wherefore, a circle has been described about a given square ; which 
was to be done. 

Becite (a) p. 8, 1 ; (6) p. 9, 1 ; (c) def. 30, ax. 10, 1 ; 

(/)ax.7,l; (c)P-4, 1; (/)p.9»3. 

10 p. To describe an isosceles triangle (ALK), having 
each of the angles (L, K) at the base double of the angle 
(A) contained by the equal sides (AL, AK). 

Coustr. With any radius AB, and centre A, 
describe the circle BDLK (a)\ produce BA to 
meet the circumference in L (A) ; upon AB de- 
scribe the square ABCD (c) ; bisect AB inE {d), 
and join ED ; make EF equal to ED (<?) ; place 
AF in the circle from L to K (/); join AK, FK 
{g) ; about the triangle AFK describe a circle (A). 

Argument. The radius AL is so divided in F, 
that the rectangle ALxLF equals the square of 
AF (»); but AF is equal to LK (k), which meets the circle AFK m 
the point K, and AL cuts the same circle in F (0 *» therefore the 
square of LK equals the rectangle ALxLF, and LK touches the 
circle AFK («»). Now ALK is an isosceles triangle, because AL, AK 
are equal radii (») ; therefore the angles ALK, AKL are equal (o). 
Again, because LK touches the circle AFK, and from the point of 
contact KF is drawn in the circle, the angle FKL is equal to FAK in 
the alternate segment {p) ; but the angle AKL equals FKL and FKA, 
or FAK and FKA together; and the exterior angle KFL equals the 
same FAK and FKA {q) ; therefore KFL equals AKL, or ALK (r), 
and KFL is an isosceles triangle, in which KL and KF are equal (») : 
but KL is made equal to AF (A); therefore KF equals AF (r), «id 
AKF is an isosceles triangle (n), having the angles FKA, FAK «qual 
(o) ; but AKL, or ALK proves equal to both, or double the angle 
FAK, or LAK. 

Wherefore, an isosceles triangle has been described, &c Q, B. F. 




Becite I 



» pps. 3 ; 
(d) p. 10, 1 ; 
r^) pos. 1 ? 
(A) p. constr.; 
f n) def. 24, 1 ; 

w)p- 32»x; 



(*)pos. 2; 
COP- 3,1; 
(A) p. 5, 4; 
(/)P.36, 3; 
lo) p. 5, 1 ; 
(r) ax. 1. 



(c) p. 46, 1 ; 
(/)P. 1,4; 
(0»Pll,2; 
(m)p. 37, 3; 
(l>)p. 32, 3; 
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IIP. .To inscribe an etjuilateral and equiangular pea* 
tagon in a given circle (ABCDE). 

Describe an isosceles triangle FGH (a), 
whose equal sides contain an angle F, 
half as great as the angle O, or H, at the 
base. Then in the circle inscribe a tri- 
angle ACD, equiangular to FGH; so 
that the msle C, or D, shall be doable 
the angle A (b). Bisect the angles AC D, 
ADC by the chords CIC, DB (e); and 
join AB, BC, CD, DE, EA. ABCDE is the pentagon required. 

Because each of the angles ACD, ADC is double of the angle 
CAD ; and are bisected by the chords EC, BD, the five angles DAC, 
ACE, ECD, CDB, BDA are equal to one another: but equal aofdes 
atand upon equal arcs (d); therefore the five arcs AB, BC, CD, &E, 
KA are equal to each other. Again, equal arcs subtend equal chorda 
(«) ; therefore the five chords AB, BC, CD, DE, EA are equal to 
each other: wherefore the pentagon is equilateral. 

It is also equiangular; because the arc AB equals the arc DE; 
add to each BCD ; the sum ABCD is equal to the sum BCDE : and 
the aiigle AED stands on the arc ABCD ; and the angle BAE on the 
arc BCDE; therefore the andes AED, BAE are equal (/); for the 
same reason, each of the angles ABC, BCD, CDE is equal to the an- 
gle BAE, or AED; whei-efore the pentagon is equiangular. And 
thus an equilateral and equiangular pentagon haa been inscribed in a 
given circle : which was to be done. 

Kecite (a) p. 10, 4 ; (i) p. 2, 4 ; (e) p. 9. 1 ; 
(rf) p. 26, 3 ; (e) p. 20, 3^; (/) p. 27, 3 



12 P. To describe an equilateral and equiangular 
pentagon about a given circle (ABCDE). 

Constr. Let A, B, C, D, E, be the angular 
points of an iiLscribed pentagon, as. in the last 
{a); so that the arcs AB, BC, CD, DE, EA are u 
equal: then through the points A, B, C, D, E, 
draw the tangents GH, HK. KL, LM, MQ (b). 
If these tangents be equal, and their angles 
equal, the required pentagon is described about 
the circle. Find the centre F, and draw the 
radii FB, FC, FD ; join FK, FL. 
_ Argument. In the triangles FBK, FCK, the angles at B, C are 
right angles (c); and the common side FK subtends them: therefore 
the squares of FB, BK, and also of FC, CK are equal to the square 
of FK (<£), and therefore equal to each other (c). But the squares 
of the equal radii FB, FC, are eqiuil; therefore the remaining 
squares of BK, CK are equal; and BK is equal to CK (/). For the 
same reason CL and DL are equal: therefore the triangles FBK, FCK, 
FDL, FCL have two sides in each equal to two sides in svery other, 
6* 
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and ih^togles contained by the two sides equal ; therefore the other 
angles are equal, each to each, to which the equal sides are op};o- 
site {g); and so, FKB, FKC, FLC, FLD are equal; and any two of 
them are equal to any other two : therefore FKB, FKC are equal to 
FLC, FLD ; that is, HKL is equal to KLM. 

In like manner, it may be shown that each of the angles at H, G, 
M, is equal to HKL, or KLM: therefore the pentagon is equian- 
gular. 

Again, becanse the perpendicular FC bisects KL, the perpendicu- 
lars FB, FD bisect HK and LM : for they intercept equal arcs : and 
since the halves BK, KC, LD are equal, the wholes HK, KL, LM are 
equal. In like manner, it may be shown, that 6H, or GMis equal to 
HK, KL, or LM. The pentagon is therefore e<][uilateral ; and it 
proves also to be equiangular, and is inscribed in the given circle 
ABCDE; which was to be done. 

Recite (a) p. 11,4; (b) def. 2, p. 16 and cor., also p. 17, of b. 3 ; 
(c) def. le, 1 ; (d) p. 47, 1 ; («) ax. 1 ; 

(/)ax.3; (fi')p.4, L 



13 P. To inscribe a circle in a given equilateral and 
equiangular pentagon (ABCDE). 

Constr. Bisect the angles BCD, CDE, by the 
straight lines CF, DF ; ami from the point F, in 
whi^ they meet, draw FB, FA, FE. 

Therefore, since, in the triangles BCF, DCF, 
BC, CF are equal to DC, CF, and they contain 
equal angles, by bisection, the bases FB, FD are B 
equal; and the angle CBF equals the angle 
CDF (a): but CDF is the half of CDE ; there- 
fore CBF is the half of CBA: because CBA equals CDE. There- 
fore ABC is t>i8ected by the straight line BF. In the eame way, it 
may be shown, that the angles BAE, AED are bisected by the straight 
lines FA, FE. 

From the point F draw FG, FH, FK, FL, FM, perpendicular upon 
the sides of the pentagon (b). Now, in the triangles FCH, FCK, the 
side FC is common; and the angles at C are equsd, by bisection; and 
those at H, K are equal, as right angles (c); therefore the sides FH, 
FK are equal (d). In like manner, it may be shown, that each of 
the perpendiculars FL, FM, FG is equal to FH, or FK: therefore, 
these five straight lines are equal to one another ; and a circle de- 
scribed upon the centre F, at the distance of anj one of them, will 
pass through the extreme points of the other tour ; and touch the 
sides of the pentagon, where they meet the perpendiculars, in the 
points G, H, K, L, M (e). But a circle is insci^bed in a rectilineal 
figure, when the circumference touches all the sides of the figure (/): 
wnerefore a circle is inscribed, «S&c., which was to be done. 

Recite (a) p. 4, 1 ; (*) p. 12, 1 ; (c) ax. 10 ; 

(d)p. 26, 1; (c)p.l6and«or.3; (/)def.4, 4. 
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14 P. To describe a circle about a given equilateral 
and equiangular pentagon (ABCDE). 

Bisect two of the angles of the pentagon, as 
BCD, CDE, by straight fanes CF, DF, meeting in 
*e point F (a) J join FB, FA, FE. . 

Argument. Becanse the eqoal angles BCD, 
CDE are bisected; the angles FCB, FCD are 
equal; and they are ccmtained by the equal sides 
CB, CF; CD, CF: therefore the remaining sides 
FB, FD are equal, and also the angle CDF to 
CBF (6): but CDF k the half of CDE, which equals CBA; there- 
fore FB bisects the angle CBA. In like manner it may be shown, 
that the angles BAE, AED are bisected by the strai^t Imes FA, FE. 
Now the five triangles, whose Tertices are in the point F, have equal 
bases; namely, the sides of the pentagon; also equal angles adjacent 
to the bases {e), as above ; therefore the sides FA, FB, FC, FD, FE, 
are equal to one another; and being drawn from the point F to 
the angular points of the pentagon, a circle described upon F, at the 
distance of any one of them, will pass through the five points, and 
be described about the pentagon; which was to be done (d). 

Becite (a) p. 9, 1 ; (4) p. 4, 1 ; 

(c)p.6,l; (rf)def.3,i. 




15 P. To inscribe an equilateral and equiangular hex- 
agon in a given circle (ABCDEF). 

Let 6 be the centre of the given circle, and 
draw the diameter A6D (a) : Again, on the 
point D, where the diameter meets the cir- 
cumference, describe a circle to pass through ■ 
6, and cut the circumference in the points £. A' 
C {b): draw the diameters EGB, CGF; also 
chords between the points A, B, C, D, E, F, A, 
in the circumference. If these chords be 
eq^ai, and their angles equal, the required 
hexagon is inscribed. 

Because G and D are centres of equal circles, the radii 6E, 6D 
and DE are equal (c) : GC, GD and DC are in the same case : there* 
fore, the triangle GED, or GCD is equilateral (d) ; and being evei^ 
way isosceles, it is also equiangular (e) : therefore, the angle CGD is 
one third of two right angles (/), EGD is also one third ofthe same; 
and because the straight Une EG makes with CF, the adjacent angles 
equal to two right angles {g), therefore EGF is aHeo one third of two 
right angles. The chord £F is ^erefore equal to ED, or DC (&) ; 
and these Uiree are placed in the semicircle (t). The opponte, or 
vertical angles are also equal to these {k) i therefore each of the an- 
gles AGF, AGB, BGC, is one third of two right angles {/); and the 
radii GB, G^A, GF, being equal (c), tho chords AF, AB, BC are also 
equal to one another ; and they are placed in a semicircle (»)• There- 
fore the siz chords AB, BC, CD, DE, EF, FA, divide the circumfer- 
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enoe, cnt off equal arcs (/]), and are therefore mdea of an eqaQaterBl 
hexagon iuBcribed in the given circle ABCDEF. 

But, once equal angles stand upou equal arcs (m), the arc AF equals 
the arc ED ; to both add the arc ABCO (n) f therefore the whole arc 
FABCD equals the whole ABCDE; and the angle FED stands upon 
the former, and the angle AFE upon the latter: therefore the angles 
AFE, FED lire equal. In the same way, it may be proved, that each 
of the other angles of the hexo^n is equal to AF£, or FED. The 
hexagon (o) is therefore equiansular, and it was shown to be 
equilateral ; and it is inscribed in me given circle i which was to be 
done. 

JBecitafa^def. 16, 1; p. 15, 3; (b) p. 10, 3; 

(c) def. 15, 1 ; (d) def. 23, 1; C«>def. 24, p. 5, 1 ; 

C/jp.32,1; (^) p. 13,1; a)p.4, 1; 

(Op. 1,4; m p. 15,1; (/)p.28,3; 

(fli) p. 26, 29, 3 i (a) ax. 2 ; (o) Note to def. 36, 1. 

Cor. The side of the hexagon ; that is, the chord of one sixth 
part of the circumference, is equal to the radius, or semi-diameter of 
the circle. 

Scholium. To describe an equilateral and equiangular hexagon 
about the circle and about the inscribed hexagon is tiie same thing: 
for if throuffh the points A, B, C, D, E, F, tangents be drawn, touch- 
ing the circle at n^ht angles to the diameters, the angles of the in- 
scribed hexagon will be m the sides of the one descrioed. Def. 2, 
4,b. 4. 

Tangent literaUy means ikey touch. See def. 2, b. 3. 



16 P. To inscribe an equilateral and equiangular 
quindecagon in a given circle (ABCD). 

Let AC be the side of an equflateral triangle 

Sa), and AB the side of an eqculatend pentagon 
b^ inscribed in the given circle. Tbex^ore, as 
it IS required to cut the circumference into fifleeu 
equal parts, the chord AC cuts off five, AB cuts 
on three, and the difference BC contains two of 
those fifteen&s. Bisect the arc BC in E (e) : 
therefore, the arc BE, or EC, is one fifteenth 
part of the circumference. Now, if the chord BE, or EC be drawn^ 
and equal chords be placed all around in the cirde (d), an equilateral 
and equiangular quindecagon shall be inscribed in it; which was to 
be done. 

And, if through the angular points of the inscribed quindecagon, 
tangents be drawn, an e<^uilateral and equiangular quinodcagon shall 
be described about the cucle, and also about the inscribed quindeca- 
|;on : for the angular points of the inscribed rectilineal figure shall be 
u the aides of ttie one described (e). 

Recite (a) p. 2, 4; (*)p. 11,4; (c)p.30,3; '(<f)p.l,4; 
(e) def. 36, 1, and Note; def. 1, 2, 3, 4, 5, of b. 1. 




BOOK FIFTH. 



Definitians. 

1. A. less magnitude is said to be a part of a greater one, when the 
less is a measare of the greater, or id contuiued a certain number of 
times in it. 

2. A greater magnitude is said to be a multiple of a less one, when 
the greater is measured by the less, or contains it a certain number 
of times. 

A. There is a series of multiples ; as, the first, second, thii'd, «&c., 
of which, waving the etymology of the woixl, the magnitude itself is 
the first, its double is the secoud, its triple the tliird, &c. 

B. A magnitude may have one, two, or three dimensions, as the 
case may be ; and the proper unit of measure will be a line, square 
Bur&ce, or cube. 

' 3. Ratio is the numerical relation of antecedent and consequent, 
or the number of times, or parte of times, which the latter contains 
the former. 

Or, Ratio is tlie numerical relation of measure and magnitude, or 
the number of times which the measure, or a part of it, may be ap- 
plied to the magnitude. 

Note. — This value of ratio prevails ; and the words of several prop- 
ositions are here changed to correspond with it. 

4. Magnitudes of the same kmd only, or having some common 
property, can have a ratio to one another. ^ 

5. The first of four magnitudes has the same ratio to th^ second 
which the third has to the fourth, when equimultiples of the first 
and third, also of the second and fourth, bemg taken ; if the nmlti- 
ple t>f the first be greater than that of the second, the multiple of the 
third is greater than that of the fourth; if equal, equal; and if less, 

6. Magnitudes which have the same ratio are called proportionals ; 
of which it is usually said, " the first is to the second as the second is 
to the third; or, the first is to the second as the third is to the 
fourth. , X 1. 

JVote.— The is to, as above, is expressed by a colon, thus, (:), the 
as by two colons, thus (: :). 

7. The ratio of one couplet (or antecedent and consequent) is less 
than the ratio of another couplet, when the quotient of the former 
consequent, divided by its antecedent, is less than the quotient of the 
latter consequent divided by its antecedent. 

8. When three terms or magnitudes are proportionals, the ratio of 
the first to the third is the duj^icate, or square of the ratio of the first 
to the second. , i. • v 

9 When four terms are continued proportionals ; that is, when 
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the Mcond is the conseqaeat of the first, the third that of the sec- 
ond, and the fourth that of the third ; then the ratio of the first to 
the fnarth is the triplicate or cube of the ratio of &e first to the 
second. Such ratios are called compound. 

lU. And when any number of maffuitodes of the same kind are in 
a certain order, however different the ratios of the couplets may be, 
the ratio of the first to the last of them is the continual product of 
all the ratios; namely, the product of all the antecedents for an ante- 
cedent, and the product of all the consequents for a consequent. 

11. In proportionals, taken, two and two, from different series, or 
from remote terms of the same series, the odd terms, namely, the 
first, third, fifth, &c., are the antecedents ; and these are said to be 
homologous; so, likewise, the even terms, viz. the second, fourth, 
sirth, &c., which are the consequents. 

Geometers use the terms permtUandOf or aUemandOt inverlendo, 
eomponendof dividendoj converiendOj ex aqucUi dittantia, ex tBqno, 
and ex ieequalif in proportione pertur^atay vel inordinaia. to siguify 
various changes in Uie order, or magnitude of proportionals, and still 

Preserving the equality of the ratios, in which proportion coiiMsts, 
'he sense of these terms is expressed in the following examples : 

The use of the marks -f-i — i X, -r-, :, : :, and =, is generally 
known. 

Example 1. By permutation, or alternately ; when, of four pro- 
portionals, as A : B : : C : D, comes A : C : : B : D. See p. 16 of b. 5. 

Ex. 2. By inversion ; when, of four proportionals, as A : B : : C : 
D, comes B : A : : D : C. See p. B. of b. 5. 

Ex 3. By composition ; when, of four proportionals, as A : B^ : 
C : D, comes A 4> B : B : : C -f- D : D. See p. 18 of b. 5. 

Ex. 4. By division; when, of four proportionals, as A : B : : C : D, 
comes A — B : B : : C — D : D. See p. 17 of b. 5. 

Ex. 5. By conversion; when, of four proportionals; as A : B : : C : 
D, comes A : A — B : : C : C — D. See p. E of b. 5. 

Ex. 6. From equal distance in order; when, of two ranks of pro^ 
portionals, as A, B, C, D, wad. E, F, G, H, ts^en, two and two, in 
order, namely, A : B : : E : F ;— B : C : : F : G ; and C : D : : G : 
H ; — ^it comes to be inferred, that A : D : : E : H. See p. 22 of b. 5. 

Ex. 7. From equal distance out of order; when, of two ranks of 
proportionals, as A, B, C, D, and E, F, G, H, taken, two and two, in 
a cross order, namely, A : B : : G : H ;— B : C : : F : G ; and C : D 
: : E : F; it comes to be inferred, that A : D : : E : H. See p. 23 of 
b. 5. 

Axioms » 

1. Equimultiples of the same, or of equal magnitudes, are equal to 
one another. 

2. Those magnitudes are equal to one another, of which the same, 
or equal magnitudes, are equimultiples. 

3. A multiple of a greater magnitude is greater than the same 
multiple of a less. 

4. One magnitude is greater than another, of which a multiple is 
greater than the same multiple of the other. 
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Propaatioiu* 

1 Th. If two or more magnitudes be equimultiples of 
as many parts, each of each ; what multiple soerer any 
one of them is of its part, the same shall the sum of all 
the magnitudes be of the sum of all the parts. 

Let AB, CD be two magnitudes, and E, F, two ^ 

parts ; so that AB be the second mudtiple of K, and 

CD the second moltiple of F (a); AB+CD is the a ^ B 

second multiple of E+F. 

For since m AB there are two magnitodes AG, 
GB, eadi equal to E, and in CD there are two, CH, c i 

HD, each equal to F; then AG4-CH»£+F, and " 

GB-hHD«E-f-F: therefoie AG+CH-f-GB-f HD- 
ABH-CD^SCE-f-F;, (b). 

In like manner, if AB, CD were third multiples of E, F, their Bom 
would be third multiples of the •sum of E and F ; and so of any eqoi- 
multiples whatever. 

Also, if there were three, four, or more masnitades, eqninultifdea 
of as many parts ; the sum of all the magnitnoes would be the same 
multiple of the sum of aU the parts that each magnitude would be of 
its part 

Wherefore, if two, or more, &45. Q. E. D. 

Recite (a) def. 1, 2, A of b 5 ; (ft) ax. 2 of b 1. 



2 Th. If the first magnitude be the same multiple of 
the second that the third is of the fourth, and the fifth the 
same multiple of the second that the sixth is of the fourth ; 
then the sum of the first and fifth, and of the third and 
sixth are equimultiples of the second and fourth respectively. 



Let AB, C, DE, F, BH, EL be six magnitndea, a S 3 — ii 

in order: and since multipies are a numerical series 

of magnitudes (a); let AB»1C, and D£»1F; also, ^ 

let BH=2C, and EL«s:2F : therefore the sum of z — ± J^— r 

AB, BH«3C, and the sum of DE, ELt«3F, the ! . 

same multiple of C and F. F 

Wherefore, if tiie first, &c, Q. E. D. 

Bedte (a) def. 1, 2, A of b 5. 

Scholium. It advances no general principle to use letters instead 
of numbers in the case of equimultiples. There ia no variety in the 
case: it is only necessary to understand that the multiples are the 
same in every set of magnitodss so oampaxvd; and there is no better 
-way to express the same multiples than fay the same numbers undis* 
guised witb symbols. 
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8 Th. If the first be the same multiple of the second 
which the third is of the fourth ; nad if of the first and third 
equimultiples be taken, these shall be equimultiples, one 
of the second the other of the fourth. 

Let A, B, C, D be four magnitodes, in order; 
snch that A is the second multiple of B, and C 
the second multiple of D ; and if £F be taken 
the second multiple of A, and 6H the second 
multiple of C : then will EF be the fourth mul- 
tiple of B, and GH the fourth multiple of D (a). 

In like manner, if A be the third multiple of 
B, and C the thiid multiple of D ; and if EF be 
t^en the second multiple of A, and GH the 
second multiple of C ; then EF is the sixth multiple of B, and GH 
the sixth multiple of D. 

And, in general, because B measures A as often as D measures C ; 
and A measures any multiple of itself as often as C measures the same 
multiple of itself: therefore B measures any multiple of A, as often 
as D measures the same multiple of C (a). 

Wherefore, if the first be the same multiple, &c. Q. E. D. 

Becite (a) definitions 1, 2, A of b 5 



-B D- 



4 Th. If the first of four magnitudes have the same 
ratio to the second which the third has to the fourth ; then 
any equimultiples of the antecedents shall have the same 
ratio as any equimultiples of the consequents. 

Let A, B, C, D, be four magni- 1 y^ l 1 

tudes ; such that A is to B as C is , ,- r , 

to D ; of which A and C are the ^ ^ 

antecedents, and B and D the con- 
sequents {a\ Take E, F equi- 
multiples of A, C, and G, H equi- 
multiples of B, D, It is inferred 
that E is to F as G is to H m. ' ^ 

Take K, L equimultiples or E, F, and M, N equimultiples of G, H. 
Then, because E, F are equimultiples of A, C, and K, L of E, F, the 
tame K, L are equimultiples of A, C (c). Likewise, because G, H 
are equimultiples of B, D, and M, N of G, H, the same M, N are equi- 
multiples of B, D(e). 

And since A is to B as C ii to D, by hypothesis, KistoLasMisto 
N. Therefore, if K be greater than M, L is greater than N ; if equal, 
equal ; and if less, less {Jb), And K, L are equimultiples of E, F, and 
M, N of G, H : therefore EistoFasGistoH. 

Wherefore, if the first of four, &c. Q. E. D. 

Cor. And, if Ais to B as C is to D; that is, if 1 A is to IB as IC is 
tolD, then2AistoBas2CiBtDD; or A is to 2B as C is to 2D; and 
io of any equimultiplea whatever. 

Recite (a) def. 3, 5 ; {b) def, 5, 5 ; (e) p. 3; 5 ; 
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5 Th. If one magnitude be the same multiple of an- 
other, that a part of the one is of a part of the other, the 
remainder slietll be the same multiple of the remainder 
that the whc^d is of the whole. 



Let AB be the same multiple of CD. that the part AE is 
of the part QF ; the other part £B is the same multiple of 
Ihe part FD that AB is of CD. 

Make AG the same multiple of FD that AE is of CF; 
then AE is to CF as EG is to CD, or AB to CD : hence AB 
and EG are equimultiples of CD, and are equal to each 
other (a). Take AE from hoth ; then AG and EB are left 
equal U). But AG is to FD as AE is to CF, or as AB is to 
CD : therefore EB is to FD as AB is to CD; or, in other 



words, EB is the same multiple of FD that AB is of CD. 



Recite (a) p. 1, and ax. 1, 5 ; 



Q. E. D. 



. (b) ax. 3, 1. ^ 



6 Th* If two magnitudes be equimultiples of other two ; 
and if equimultiples of the latter be taken from the former ; 
the parts lefl, if any, will be equals, or equimultiples of 
the other two. 



F; and , 
[uimnlti- I 

ofE,F; I I 

n hoth I F fe 



Let the two magnitudes AB, CD, be equimultiples of 
the two, E, F; and the parts AG, CH equimultiples of 
the same E, F ; the remainders GB, HD, are equal to 
E, F, or they are equimultiples of them. 

1. If GB equal E, HD will equal F: make CK=F. 
Then, since AG, CH are equimultiples of E, F ; and 
GB=E, and CK«F ; therefore AB, KH are equimulti- 
ples of E, F ; but AB and CD are equimultiples of E, F i 
therefore KH equals CD (a). Take CH from both; 
the remainders KC, HD are equal: but KC=F. 

Therefore HD is equal to F 

2. If GB be a multiple of E, HD is the same 
knTiltiple ef F. Make CK the same multiple of F 
that GB is of E : then since AG, CH are equimulti- 
ples of E, F ; "and GB, CK equimultiples of E, F ; 
AB, KH are also equimultiples of E, F (b) : there- 
fore KH, CD are the same multiple of F, and are 
equal (a) Take CH from both; the remainders 
KC, HD are equal. And since GB, KC are equi- 
multiples of E, F, and KC«=HD; therefore GB, HD 
are equimultiples of E, F. 

Wherefore, if two magnitudes, &c. 



C A. 



Q 



Q. E. D. 



Becite (a) ax. 1, 5 ; 

7 



(6) p. 2, 5. 
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A Th. If the first of four magnitudes have to the second 
the same ratio which the third has to the fourth ; then, if 
the first be greater than the second, the third is also greater 
than the fourth ; if equal, equal ; and if less, less. 

Let equimultiples be taken of the four ■ , ■ p , p 

masnitudes A, B, C, D : and because A is 

toB as C is to D, 2A is to 2B as 2C is b- o 

to 2D: therefore, if 2A exceed 2B, 2C 

will exceed 2D. But if A be greater than A c 

B, 2A must be greater than 2B; andso,2C ^ , ^ — ^ i ° — 
is greater than 2D ; but if 2C exceed 2D, 

C is greater than D. In like manner, if the first equal the second, or 
is less than it, it may be proved that the third equals the fourth, or is 
less than it. 

Therefore, if the first of four, &c. Q. E. D. 

B Th. If four magnitudes be proportionals, they are 
proportionals also when taken inversely. 



If Aisto B as C is to D ; then, inversely, ^ » p- 1 

Bis toAasDistoC. The antecedents 

are A, C, the oonsequents B, D. li ^ 

Take E, F, equimultiples of the conse* ^ 

quents. and G, H, equimultiples of the 

aatecedents. Now, because B contains A g 1 H ' 

as often as D contains C fa), and E, F are 

equimultiples of B, D; therefore E contains A as often as F contams 
C (a). But O, H are equimultiples of A, C : therefore, if E be 
greater than G, F is greater than H; if equal, equal: and if less, 
toss (by But E, F are equimultiples of B, D, and G, H of A, C : there- 
fore BistoAasDistoC. 

Therefore, if four magnitudes, &c. Q* E. D. 

Becite (a) def. 3, 5 ; (b) def. 5, 5. 

C Th. If the first be the same multiple, or part of the 
second, that the third is of the fourth, the first is to the 
second as the third is to the fourth. 

Let A, B, C, D be the magnitudes, in or- ^ »- 

der. And, first, let A, C be equimultiples 

of B, D ; then AistoBasCistoD. ^ 

Take E, F equimultiples of A, C, and G, c i- 

H equimultiples of B, D. Then, because 
A, C are equimultiples of B, D (a) ; and d — 
E, F equimultiples of A, C ; therefore E, F are equimultiples of B, D 
(6). But G, H are equimultiples of B, D, any whatever: therefore, 
if E exceeds G, F vnR exceed H ; or, if E be equal to G, or less thap 
it, F is equal to H, or less than it. But £, F are equimvdtiples of the 
first and ttiird ; and G, H of the second and fourth : therefore A is to 
B as C is to D (c). 
6 



E 
Q 
F 
H 
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NQZt, let A, B, C, D be the terms in order ; and let A ^ 

and C be the same parts of B and D: AistoBasC ii 

to D. For B 13 the same multiple of A that D is of C. b » 

Wherefore, by the preceding case, BistoAasDiato ^ 

C ; and invei'sely AiatoBasCistoD {d). 

Therefore, if the first be the same, &c. D » 

Q. E, D. 
Becite (a) the hypothesis ; (b) p. 3, 5 ; (c) def. 5, 5 ; 
(d) p. B, 5. 

D Th. If the first be to the second as the third is to 
the fourth, and if the first be a multiple or part of the 
second, the third is the same multiple or part of the fourth. 

Let A, B, C, D be four magnitades, in order; so that i i 

A is to B as C ia to D. f I t i 

First, if A, C be equimultiples of B, D, take K equal 1 | | 1 
to A : then make F the same multiple of D that A, or E A B C D 
is of B.- And because A istoBasCistoD; and E, F L I 
are taken equimultiples of B,D ; therefore AistoEasC t t 
is to F (a). But A equals E, therefore C eauals F (6) ; 
and F, A are equimultiples of D, B : wherefore C is the same multi- 
ple of D that A is of B. 

Again, see the figure, second case of p. C, above. 

If A, C be equal parts of B, D ; beoaose AistoBasCista 
D ; then, inversely, B istoAasDistoC (c). But A is a part of 
B, and so B is a multiple of A {d) ; but by the preceding case, D, B 
are equimultiples of C, A : thereiore C is the same part of D that A 
isof B. 

Hence, if the first, &c. ^ Q. E. D. 

Becite (o) cor. p. 4, 5 ; (b) p. A, 5 ; (c) p. B, 5 ; 

(d) def. 1 and 2, b. 5. 



7 Th. Equal magnitudes have the same ratio to a 
magnitude j and a magnitude has the same ratio to equal 
magnitudes. 

The magnitudes A, B, being equal, have to C the f 

same ratio : and the magnitude C has to A and B the ^ 

same ratio. j j^ -j 

Take D, E any equin^ultiples of A, B, and F any ' 

multiple of C : then because D, E are equimultiples of ^ 

the equals A, B, they are equal to one another (a). D — h — i 

Therefore if D be greater than F, E is greater than F ; ___^__,^__^ 
if equal, equal; and if less, less (b). And D, E, are ^ ' *' ' 
any equimultiples of A, B, and F is any multiple of Q : therefore A 
is to C as B is to C. 

C has also the same ratio to A that it has to B : for D may be shown 
equal to E, as before : and, ii F be greater than D, it is ^so greater 
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t ^TM? E ; if eqaal, equal; and if leas, leas. And F ia au^ multiple of 
C, and D, E are any equimultiples of A, B. Therefore C ia to A as 
C is to B (6). 

Therefore equal maguitudes, &c. Q. E. D. 

Becite (a) ax. 1, 5; (A) def. 5, 5. 

8 Th. Of unequal magnitudes the greater has a less 
ratio to the same than the less has to it ; and a magnitude 
has a less ratio to the less than to the greater. 

GKven A, B, unequal magnitudes of which A is the less ; 
also C, a magnitude of the same kind as A and B (a); so 
that the same measuring unit {b), may apply to A, B, C. 

1. The ratio of B to C is less than that of A to C. Be- 
cause B is greater than A, it is also a greater mult^le of 
their common measuring unit; and C will contam the 
greater of two multiples a less number of times than it will 
contain the other : but C is the consequent, and A and B 
are its antecedents (c) ; therefore the ratio of B to C is less ' 
than that of A to C {d). 

2. The ratio of C to A is leas than that of C to B. Let some mea- 
■nre be applied to C, which wUl also measure A and B : then because 
A is less than B, it will contain the measure applied to C, (»: any mul- 
tiple of it, a less number of times than B will contain it : but C is a 
common antecedent, and A and B are its consequents {d) ; therefore, 
the ratio of C to A is less than that of C to B. 

Wherefore, of unequal magnitudes, &c. Q. E. D. 

Recite (a) def A, and 4, 5 j (i) def. 2, 1, and B, 5 ; (c) def. 3, 5 ; 
id) def. 7, 5. 

9 Th. Magnitudes are 6qual to each other which have 
the same ratio to a magnitude ; and those are equal mag- 
nitudes to which a magnitude has the same ratio. 

1. Given the ratio of A to C the same as that of B to C ; 
A is equal to B. 

Because A and B have a ratio to C, the magnitudes are 
of the same kind (a), and are measured by tne same unit I 
(b) : for the same reason A and B are the antecedents and 
C the consequent of the ratios (e) : and because the ratios I 
are equal, A and B are equimultiples of their common ^ - ** 
measure {d) ; therefore A and B are equal magnitudes. 

2. Given the ratio of C to A equal to that of C to B. A, B, and C 
are magnitudes of the same kind, and measured by the same unit, as 
above ; and because C has a ratio to A and B, C is the antec^ent 
and A and B are the consequents of the ratios {e) ; and because the 
ratios are equal, A and B are equimultiples of their common mea- 
aure (d) : therefore A and B are equal magnitudes. 

Wherefore, magnitudes are equal, &c. Q. E. D. 

Becite («) def 4, 5 ; (h) def. B, 5 ; 

(e) def 3 and 7, 5 ; {d) def A, 6. 
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10 Th. That is the less magnitude of two, which has 
a greater ratio to a third magnitude ; and that magnitude 
is the greater of two, to which a third magnitude has a 
greater ratio. 

1. Given A to C mater than B to C; Aia lew than B, 
Because A and B nave ratioe to C, the magnitudes are 
of the same kind (a)? and are meaaared fa^ the same 
unit (b^ ; for the same reason A and B are the antecedents 
and C IB the consequent of the ratios (e) ; and because C 
coutains A a greater number of times than it contains B, 
A is a leas multiple of the common measoro than B is: 
therefore A is a less magnitude than B. 

2. Given C to B greater than C to A; B is greater 
than A. 

A, B and C are magnitudes of the same kind, and measured b^ 
the same unit, as above ; and because C has ratios to A and B, C is 
the antecedent, and A and B are the consequents of the ratios (c) ; 
and because B contains the unit of measure i^iplied to C, or a multi- 
ple of it, a greater number of times than A coutains the same unit, or 
the same multiple of it ; therefore B is a greater magnitude than A. 

Wherefore, that is the less magnitude, £c. Q« £• D. 

Becite (a) def. 4, 5 ; {b) deL B, 5 ; (c) def. 3 and 7, 5. 



11 Th. Ratios that are the same to the same ratio are 
the same to one another. 

Given A to B as C to D, q_, »_ h — 1_^. n i i ■ 

and CtoDasEtoF: 

then, A is to B as E is to F. a— < — c— * — E— 4— 

The antecedents are A, C, E ; _ , 

the consequents, B, D, F, °~*~" *'"*" ^"^ 
Take G, H, K equimultiples of A, C, E ; 
and L, M. N equimultiples of B, D, F (a), 



Then,^ since AistoBasCistoD; and G, H are equhnultiples of A, 
C, and L, M of B, D ; therefore, if G be greater than L, H is greater 
than M; if equal, equal; and if less, less. 

Again, since CistoDasEistoF; and H, K are equimultiples of 
C, £ and M, N of D, F; therefore, if H be greater than M, K ia 
greater than N ; if equal, equal ; and if less, less. 

But it proves, as above, that if (S-be greater than L, H is greater than 
M; if equal, equal; and if less, less: therefore, if G be greater than 
I., K is greater than N; if equal, equal ; and if less, less. And G, K 
are equimultiples of A, E ; and L, N of B, F. Therefore A is to B as 
EistoF(i). ^ ^ rx 

Wherefore, ratios that are the same, &c H* E. D. 

Eecite (a) <ftf. 5, 5 ; (*) a:^. 1, 1. 
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12 Th. If any number of magnitudes be proportion- 
ab, as one of the antecedents is to its consequent, so shall 
the sum of all the antecedents be to the sum of all the con* 
sequents. 



Given the magnitades A, B ; C, D; E, F ; <^- 
BO that AistoBaaCistoD, oras 
K is to F : then A is to B as A+C+E A- 
is to B-f-D-f-F. 

Take G, H, K equimoltiples of A, C, E ; ■ 
and L, M, N equimultiples of B, D, F. 

From this arraogement, if G be greater 
than L, H is greater than M, and K greater than N ; if eqnal, equal: 
and if less, less (a). Wherefore, if G be greater than L, G-|-H-|-K 
is greater than L-{-M4-N ; if equal, equal ; and if less, less. But 
G and G+H+K are equimultiples of A and A-)-C-}-E (d) ; also 
L and L-f>M+N are equunultiples of B and B-f-D-f F (b). 

Therefore, A is to B as A-|-C-|-E is to B-f D-f-F. 

Wherelbrei if any number of magnitades, &c. Q. E. D. 

Eecite (a) def. 5, 5 ; (b) p. 1, 5. 



13 Th. If the first have to the second the same ratio 
which the third has to the fourth, but the third to the fourth 
a greater ratio than the fifth has to the sixth ; the first 
shall have to the second a greater ratio than the fifth has 
to the sixth. 

Take A, B ; C, D ; E, F, six ma^itudes, q t , h— -*— t — K — i i ■ 
two and two in order, of the same kind (a). 

Then, because A has a ratio to B, A i c— < — 6- * 

C to D, and E to F, the same unit will _ ' _^^ 
measure the antecedent and consequent 8""*~ D-*— 
of each couplet {b). i._h-4^ M i i m i i 

And because A is to B as C is to D, B 
contains A as many times, or parts of times, as D contains C; 
and because C is to D greater than E is to F, D contains C more 
times, or parts of times, than F contains E (e) : but the quotients of 
B divided by A, and of D divided by C prove equal ; therefore the 
quotient of B by A is greater than that of F by E {d) — ^Aat is, the 
ratio of A to B IS greater than the ratio of E to F. 

Wherefore, if the first has to the second, &c. Q. E. D. 

Becite (a) def. 4, 5.; (b) def. B, 5 ; 

(c)def. 3, 5; (d) def. 7, 5. 

Cor. If the order of the couplets were transposed; it might be 
demonstrated, in the same way, that the ratio oi the first to the se- 
cond is less than that of the fifth to the sixth. 
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14 Th. If the first have to the second the same ratio 
which the third has to the fourth ; tlien if the first be great- 
er than the third, the second shall be greater than the 
fourth ; if equal, equal ; and if less, less. 

Given A to B as C to D, and A, C antecedent, B, D 
conseqnenta. 

1. If A be greater than C, the quotient of B divided 
by A will be less than that of B divided by C (a) ; bat 
the quotients of B by A and D by C are given equal ; 
for the consequent divided by the antecedent is 'the ratio 
{b) : therefore the (Quotient of B divided by C is greater a B C D 
than the quotient oi D divided by C ; and so, B is great- 
er than D. 

2. If A equals C, the two quotients of B divided by A and hj C 
are equal (c) ; but the quotients of B by A and D by C are given 
equal, as above {b) : therefore the quotients of B and D by C are 
equal : and so, B is equal to D. 

3. If A be less than C, the quotient of B by A is greater than that 
of B by C (a) : but the quotients of B by A and D by C are given 
equal (b) : therefore the quotient of B by C is less than that of D by 
C ; and so, B is J^ss than D. 

Wherefore, if the first have to the second, &c. Q. E. D. 

Becite (a) p. 8, 13, 5; (b) def. 3, 5 ; (c) p. 9^ 5. 

NoTK. — The ratio of C to B is here introduced as a medium of 
oomnanson between B and D ; also the magnitudes are so divided in 
the aiagram that each may be taken greater or less as the case may 
require. 



15 Th. Magnitudes have the same ratio to one another 
which their equimultiples have. 

Given two magnitudes C, F; and equimultiples of 
them, AB, DE : C is to F as AB is to DE. 

Because AB is a mftltiple of C, C is a part of AB (a) : 
for the same reason F is a part of DE. And because 
ABf DE are eauimultiples of C, F; AB contains the 
measure C as often as DE contains the measure F {b). 
Apply the measure C, from A to G, from G to ** 
from H to B : apply bIbo the measure F, from 
from K to L, ana from L to E. Then, because the 
parts AG, GH, HB, are equal ; and the parts DK, KL, L£ are equal ; 
AG is to DK as GH is to KL, as HB is to LE (c). Now AG, 6H^ 
HB are the antecedents, and DK, KL, LE are the consequents; 
wherefore AG is to DK as AB is to DE (d) : but AG is equal to C 
and DK to F; therefore, CistoFasABisto DE. 

Theraforto, magnitudes have the same ratio, &c. Q. £. D. 

Recite (a) def. 1, 2 of 5; (6) def. A, 5; 

' p. 14, 5 (case 2); (d) p. 12,5. 
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16 Th. If four magnitudes of the same kind be pro- 
portionals, they shall be proportionals also when taJcen 
alternately. 

If A, B, C, D be four magnitudes of the same kiod, 
and have A to B as C to D ; then, alternately, A : C 
B:D. 

Take R, F equunoltiples of A, B, and O, H eqoimol- 
tiples of C, D. 

Because E, F are equimultiples of A, B, and that 
magnitudes have the same ratio which their equimulti- 
ples have (a) ; therefore AistoBasEisto F: but A ^ ^ 
IS to B as C is to D (6) ; therefore CistoDasEistoF. 

Again, hecause G, H are equimultiples of C, D; therefore C is to D 
at 6 is to H (a): but CistoDasEistoF, as above ; therefore E is 
to F as G is to H (c); and so, the equimultiples are proportionals 
(d). Wherefore, if £ be greater than G, F is greater than H ; if 
equal, equal ; and if less, less (e). But E, F are equimultiples of A, 
B, and G, H of C, D: therefore AistoCasBistoD. 

Wherefore, if four magnitudes of the same kind, &c 

Q. E. D. 

Becite (a) p. 15, 5 ; (b) hypothesis; (c) p. 11, 5; 
(rf)def. 6, 5; (e) p. 14, 5. * 



17 Th. If the sum of two magnitudes have to one of 
them the same ratio which the sum of other two has to 
one of these, the one left of the former two shall have 
to the other the same ratio which the one left of the latter 
two has to the other of these. 

T^t AE, EB be two magnitudes, and CF, FD other two: 
the sum of the former is AE+EB, of the latter CF+FD. 

Then, since AE+EB : EB : : CF-f-FD : FD (a) ; in- 
versely, EB : AE-fEB : : FD : CF+FD (b\ And since 
ratio IS the quotient of the consequent divided by the an- 
tecedent (tf) ; and division is inidicated by wridng the 

divisor mider the dividend : — ^ — = — i — ; that is, 

EB FD 

AE . EB CF , FD „ EB FD ^ ^ , ^ ^ , 

EB+EB=FD+FD- ^°* EB=Fd' ^'' **" "^"^ *^ *" '^ 

AE CF 
mer (d) ; there will remain ?rD=^^- ^^^ draw tkeae equals into 

line; therefore, EB : AE : : FD : CF; and inversely, AE : £B : : 
CF : FD (b). 
Wherefore, if the som of two magnitudes, &c. Q. E. D. 

BecitB (a) hyp. {b) p. B, 5 ; f c ^ def. 3, 5 ; 

(d) ax. 3, 1. 
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18 Th. If the first be to the second as the third is to 
the fourth, the sum of the first and second shall be to the 
second) as the sum of the third and fourth is to the fourth. 

Given AE to EB as CF to FD, four magiytudes : then 
AE4-EB : EB : : CF+FD : FD. 

Because AE i« to EB a» CF is to FD, by hyp. inversely, 
EB : AE ; : FD : CF (a) ; and because raUo is the quotient 

AE CF 
of the consequent by the antecedent (ft), :rr5=7rp: 

j*ji5 h D. 

Again, frH==rp: : add these equals to the former ; then 
LB FD 

AE . EB CF . FD , , ^ . AE+EB CF+FD ^, , 
EB+EB=FD+FD W; that is, ^_=^— Now d«w 

these equaJs into line: therefore EB : AE-f EB : : FD : CF+FD; and 
inversely, (a) AE+EB : EB : ; CF+FD : FD, as stated. 

Wherefore, if the first be to the second, &c. Q. E. D. 

Recite (a) p. B, 5 ; (ft) def. 3, 5 ; (e) ax. 2, 1. 

19 Th. If one magnitude be to another as a part of 
the one is to a part of the other, the parts left have the 
same ratio as the whole magnitudes. 

Let the two magnitudes AB, CD have the same ratio as the 
parts AE, CF ; . then the other parts EB, FD have the same 
ratio as AB to CD. 

Because AB=AE+EB, and CD=CF-|-FD: therefore 
AE+EB : CF-f-FD : : AE : CF (a) ; and, alternately, AE-f- 
EB : AE : : CF-f FD : CF (ft) : but these are Joint propor- 
tionals, which may be taken separately: therefore AE ; EB 
: : CF : FD (c) ; and, alternately, AE : CF : : EB : FD (ft). 
But AE is to CF as AB is to CD (a) ; therefore, also, EB is ^ * 
to FD as AB is to CD (d). 

Wherefore, if one magnitude be, &c. Q. E. D. 

Recite (a) hyp. ; (ft) p. 16, 5 ; 

(c)p.l7,5; (rf)p. 11,5. 

E Th. Of four proportionals, the first is to its excess 
above the second as the third is to its excess above the 
fourth. 

Given AB : BE : : CD : DF ; then, by hyp., 
AB : AB—BE : : CD : CD— DF. 

Let the parts of AB be AE, EB, and the parts of CD be 
CF, FD. • 

Then, since AB : EB : : CD : FD ; by division (a) AE : 
EB : ; CF : FD ; and by inversion EB : AE : : FD : CF (ft). 
Wherefore, by composition. AE-|-EB : AE : : CF-f FD : CF 
(c): that is, AB : AB—BE : : CD : CD— DF, as stated. ^ ^ 

Wherefore, of four proportionals, &c. Q. E. D. 

Recite (o) p. 17, 5 ; (ft) p. B, 5 ; (c) p. 18, 5. 
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20 Th. If there be three magnitudes, and other three, 
which, taken two and two, in onder, have the same ratio : 
if the first be greater than the third, the fourth will be 
greater than the sixth ; if equal, equal ; and if less, less. 



If 

B C 

if 



Take A, B, C and D, E, F, six magnitudes : then, hj 
hypothesis, A : 6 : : D : E, 
and B : C : : E : F. 

Wherefore, since, in compound ratios, the product of the 
antecedents are antecedents; and the product of the con- q . r p 
sequents are consequents (a) ; 

AXB : BxC : : DxE : EXF. 

But since magnitudes have the same ratio as their equi- 
multiples (&), tne co-factors B, E may be rejected (e). 
Therefore A : C : : D : F. In '^hich casoj if A be greater &an C, 
D will be greater than F ; if equal, equal ; and if less, less {d). 

Wherefore, if there be three magnitudes, &». Q. E. b. 

Recite (a) def. 10, 5 ; (b) p. 15, 5 ; 

(e) Note 3, page 32 ; (d) p. A of b. 5. 



21 Th. If there be three magnitudes, and other three, 
which, taken two and two, out of order, have the same 
ratio ; if the first be greater than the third, the fourth will 
be greater than the sixth ; if equal, equal ; and if less, 



Take A, B, C and D, E, F, six magnitudes; then, by a i ■ — 
hypotheus, A : B : : E : F, . . . 

and B:C::D:E. * 

Wherefore, since in compound ratios, the product of c * ' — 
the antecedents are anteceaents, and the product of the q i 
consequents are consequents (a); 

AXB : BxC : : DxE : EXF. K ' — ' 

But, since magnitudes have the same ratio as their r • — i — • — -- 
equimultiples (4), the co-factors B, E may be rejected (c\ 

Therefore A : C : : D : F. In which case, if A be greater than 

C, D will be greater than F ; if equal, eaual ; and if less, less (<2). 
Wherefore, if there be three magnitudes, &c. Q. £. D. 

Recite (a) def. 10, 5 ; (b) p. 15, 5 ; 

(c) Note 3, pa^e 32 ; (d) p. A of b. 5. 

NoTR. — The lines ate so divided that the magnitudes A* B, C'and 

D, E, F may be taken greater, equal, or less, as the case may re- 
qoire. 
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22 Th. If there be any number of magnitudes, and as 
many others ; which, taken two and two in order, have the 
same ratio : then the first is to the last of one rank, as the 
first is to the last of the other rank. 

Take the xnagnitiideB A, D, C, D and E, F, ^ * 

G, H, in such wiM; that A : B : : £ : F b k .^ 

B : C : : F : G ^ m 

Then, since, m compound ratios, the pro- ° h i 

duct of the antecedents are antecedents, and c l 

the product of the consequents are conse- p 

queats (a); 

Therefore AxBXC : BxCxD : : ExFxG : FxGxH. 

And, since magnitudes have the same ratio as their equimultiples (6), 
the co-factors B, C and F, G may be rejected (e) : 

Therefore A : D : : E : H. In which case, if A be greater than D, 
E will be greater than H ; if equal, equal ; and if less, less {d\ 

Wherefore, if there be any number, &c. Q. E. D. 

Recite (a) def. 10, 5 ; (&) p. 15, 5 ; (c) Note 3, page 32 ; 
(d) p. A of b 5. 

N. B. This is cited ex mquo, simply ; or, ex aquali diatantia. In 
our example, paee 70, it is given. " from e<^ual distanee in order ;" 
that is, the homofogoos terms are equidistant m the order of the seriaa 
of which the proportian is a part. 

23 Th. If there be two ranks of magnitudes, which, 
taken two and two, out of order, have the same ratio ; 
then, the first is to the last of one rank, as the first is to 
the last of the other. 

Take the magnitudes A, B, C, D and a — i- 

E, F, G, H, in such wise, that , , 

A : B : : G : H, . " "~^ 

B : C : : F : G, c — »- 

C:D;:E:F. ^ 

Then, since, in compound ratioe, the 
products of the antecedents are ante- c .— »- 
cedents, and the products of the con- 
sequents are consequents (a) ; ^ *" 

Therefore AxBxC : BxCxD : : ExFxG : FxGxH. 

And sm«e magnitudes haye the same ratio as their equimalti|des (b), 
the oo-&ctorff B, C and F, G may be rejected (e). 

Therefore A : D : : E : H. In which case, if A be greater than D^ 
£ will be greater than H ; if equal, equal ; and if less, less (<l). 

Wherefore, if there be two ranks, &g. Q. E. D, 

Becite (a) def. 10, 5 ; {b) p. 15, 5 ; («) Note 3, page 32. 
(d) p. A of b 5. 

N. B. This is cited ex aquo pertwrhtdo; or, ex afuali dUiamiio in 
proportume inotdinata. In our ezample, naffe 70, it is girea, " from 
equal distance out of order,*' aft ezempiifiea uxyve. 
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24 Th. If the first be to the second as the third is to 
the fourth, and the Mh to the second as the sixth to the 
fourth ; then the sum of the first and fifth is to the second, 
as the sum of the third and sixth is to the fourth. 

Take nx magnitodes AB, C, DE, F, BG, EH, in oiv c 
der. 

Then, hj hyp. AB : C 

and BG : C 

be proved that AB+BG : C 

Now, since BG : C 

Inversely C : BG 

And since AB : C 

Ex equo AB : BG 



: DE : F 

: EH : F; and it is to 

:DE-f-EH:F.J 

: EH : F 

: F : EH (a). 

:DE:F 

: DE : EH (&}. Again, 



By composition AB-j-BG : BG ; : DE+EH : EH (c). 
Also, since BG : C : : EH : F, as above ; 

Ex aequo AB+BG : C : : DE-j-EH : F (b). 
Wherefore, if the first be to the second, &c. Q. 



E.D. 



Recite (a) p. B, 5 ; 



r6;p,22,5; 



(c) p. 18, 5. 



Cor. 1. It may be proved, in the same way, that 

AB— BG : C : : DE— EH : F. P. 19 of b 5. 

Cor. 2. And in any two ranks of magnitades, how many soever 
they may be in each rank, if each term of the first have to a magni- 
tude the same ratio as each term of the second has to another magni- 
tude, the sum of the first rank has to its magnitude the same ratio 
which the sum of the second rank has to- its magnitude. 



25 Th. If four magnitudes of the same kind be pro- 
portionals, the sum of the greatest and least of them is 
greater than the sum of the other two. 

Let AB, CD, E, F be four proportionalB, in order, 
namely, AB : CD : : E : F. And because they are of 
the same kind (a), they are measured by the same unit, 
and are terms of the same numerical series : therefore, 
the extremes in position are the extremes in magnitude. 

Let AB be the greatest and F the least In AB take 
AG=E, and in CD lake CH=F. Then, 

AB : CD : : AG : CH. 
The remaining parts, GB, HD, have also the same ratio as the wholes 
{b) ; therefore AB : CD : : GB : HD. But AB is greater than CD ; 
therefore GB is greater than HD (e). 

And because AG=E, and CH=F; therefore AG4-F=CH+E (rf). 
To the left of this equation add GB, the greater ; to the right add 
HD, the less: therefore AG+GB+F exceeds CH+HD+E («); 
that is, AB+F is greater than CD+E. 

Wherefore, if four magnitudes, dec. Q. E. D. 

Becite (a) def. 4, 5 ; (b) p. 19, 5 ; (c) p. A, 5 ; 

(d) ax. 2,1; (e) ax. 4,1. 
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F Th. Ratios composed of equal ratios are equal to 
each other. 

Let the ratios of A to B and of B to C be severally equal to the 
ratios of D to E, and of E to F; the ratio of A to C equals that of D 
toF. 

For, let A to B equal D to E, 
and B to C equal E to F; 

then AistoCasDis to F — ex apto (a). 

Or, let A to B equal E to F, 
»nd B to C equal D to S; 

then AistoCasDis to F — ex aquo perturhato (4). 

Wherefore, ratios composed (or compounded), &c. Q. E. D. 

Becite (a) p. 22, 5; (^) p. 23, 5. 



G Th. If the same unit measure two magnitudes, it 
will also measure their sum ; and if the magnitudes be 
unequal, it will measure their difiference. 

For since the same unit measures the two magnitudes, they are of 
the same kind, and the sum of their units may be placed in a con- 
secutive series, to the whole of which the same measure applies. 
Again, if one be greater than the other, the difference is a multiple 
oi the same measuring unit. 

Therefore, if the same unit, &c. Q. E. D. 
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Definitions. 

1. Similar rectiliiieal figures are those which have their angles 
equal, each to each; and the sides about the equal angles propor- 
tionals. 

2. Reciprocal figures, viz. triangles and parallelognuns, are those 
which have their sides about two of their angles proportionals, in 
such manner, that the extremes belong to one of the figures, and the 
means to the other; and such figures are equal to one another. 

3 A straight line is said to be cut in extreme and mean ratio, when 
the whole is to the greater segment, as the greater segment to the 
less. 

4. The altitude of any figure is the distance between two parailel 
lines touchiiig the figure, one of which is its base. 



Propositions. 

1 Th. Triangles and parallelograms of the same, or 
equal altitudes, are to each other as their bases 

Given the triangles ABC, ACD, 
and the parallelograms CE, CF, 
on the bases BC, CD, and be- 
tween two parallels (a) ; then 
ABC is to ACD, and CE m to CF, 
as BC is to CD. 

Take HC, CL, equimultiples ^ 
of BC, CD; a&d divide CH, CL " 
into parts equal to CB, CD : then, because each of the parts GB, 
GH equals BC ; and each of the parts KD, KL equals CD ; thereforo 
CH and CL are 3d multiples of BC and CD {b). To the point A 
join the points H, G, K, L : then the triangles ABC, AGB, AHG are 
all equal ; and likwise the triangles ACD, ADK, AKL (c) ; and the 
triangles ACH, ACL are 3d multiples of the triansles ABC, ACD : 
and so, if the base CH be greater than the base CL, tne triangle ACH 
is greater than the triangle ACL ; if equal, equal ; and if less, less. {d). 

Now the bases BC, CD, and the triangles ABC, ACD, are four mag- 
nitudes; and of the 1st BC, and 3d ABC, equimultiples CH, ACH, 
are taken ; and of the 2d and 4th CD, ACD, equimultiples CL, ACL, 
are taken ; also it is shown, that if the base CH be greater than the 
base CL, the triangle ACH is greater than the triangle ACL ; if dqoal, 
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eqiial ; and if less, less : therefore, aa the base BC is to the base CD, 
80 is the triangle ABC to the triaugle ACD (<2). 

But the parallelograma CB, BF are 2(1 multiples of the trianglea 
ABC, ACD (e), aud the equimultiples have the ratio of their magui- 
tirdes (/); therefore, ABC : ACD : : CK : CF. Aud, since ABC : 
• ACD : : BC : CD; therefore {g) aUo CE : CF : : BC : CD. 

Wherefore, triangles, &c. Q. E. D. 



Recite (a) def. 4, 6; 
(rf)def. 5, 5; 
(^)p.ll,5. 



mdef. A, 5; 
(e)p. 41, 1; 



(7) 



p. 38, 1; 
p. 15,5; 



Cor. It may be also proved (in the same way,) that triangles and 
parallelograms of the same or equal bases are to each other as tlieir 
altitudes. 



2 Th. If a straight line be drawn parallel to one ftide 
of a triangle, it shall cut the other sides, or those sides 
.produced proportionally : and if the sides, or the sides pro- 
duced, be cut proportionally, the straight line joining the 
sectional points, shall be- parallel to the third side of the 
triangle. 

Given the triangle ABC, and DE drawn 
parallel to BC, cutting AB, AC ; 1, within 
the triangle ; 2, below the base ; 3, above 
the vertex : in either case, BD : AD : : 
CE:^E. JomBE, CD. 

1. The triangles BDE, CDE are eqnal; 
being on the same base DE, and between 
the same parallels BC, DE (o): but ADE 
is another triangle, to which the equals 
BDE, CDE havethe same ratio (b) ; and BDE : ADE : : 
also, CDE : ADE : : CE : A£ (c) : therefore BD is to 
AD as CE is to AE {d). 

' 2. Upon the same construction. If BD : AD : ; 
CE : AE, then DE is parallel to BC. For BD : AD : : 
BDE ; ADE ; and CE : AE : : CDE : ADE (c) : there- 
fore, BDE and CDE having the same ratio to ADfi 
are equa^ (6) ; and being on the same base DE, and 
same side of it, they are also between the same paral- 
lels (tf) : therefore DE is parallel to BC. 

Wherefcire, if a straight line, &«. 





Eecite (a) p. 37, 1 ; 
W p. 11,5; 



n 



6)p.7, 9,ofb. 5; 
p. 39, i. 



(tf)p.l, 6; 



3 Th. If a straight line bisect an angle of a triangle, 
and also cut the base ; the segments of the base shall have 
the same ratio as the sides which contain the angle : and 
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if the segments of the base have the same ratio as the 
other sides, the straight line drawn from the vertex shall 
bisect the vertical angle. 

Given the triangle ABC, and AD bisecting the 
angle A : then BD : DC : : BA : AC ; — and, if so, 
the angle A is bisected by AD. 

Through C draw CE panUlel to AD (a); and 
produce BA to meet CK in K. 

1. Because BE and AC meet the parallels AD, 
CE, the exterior angle BAD, and the niterior BKC, 
or AEC are eqnal (6), also the alternate angles DA C, 
ACE(<;): but BAD equals DAC, by hypothesis; 
therefore AEC equals ACE (d). ana the side AE 

equals the side AC (c). And because AD is drawn parallel to CE; 
therefore, BD : DC : : BA : AE, (/), or its equal AC. 

2. Because BD : DC : ; BA : AC, by hyp. and, that from the parw 
allels, BD : DC : : BA : AE (/) ; therefore AE equals AC (g) ; and 
their opposite angles AEC, ACE are equal (h): but AEC equals 
BAD (b), and DAC ecjuals ACE; therefore BAD equals DAC (i), 
and so, the au^le BAC is bisected by AD. 

Wherefore, il' a straight line bisect, &c. Q. E. D. 

Recite («) p. 31, 1 ; (*) p. 29, 1 ; (c^ p. 27, 1 ; 




(d) 
ig) 



.1,1; («?)p.6, I; (/)p.2.6; 

p. 9, 5; (A)p. 5, 1; (») ax. 1, 1. 



A Th. If a straight line bisect the exterior angle of a 
triangle and meet the base produced, the segments between 
the meeting point and each extremity of the base shall have 
the same ratio as the other sides of the triangle. And if 
the segments of the base produced have the same ratio as 
the other sides, the straight line drawn from the vertex 
bisects the exterior angle. 

Given the triangle ABC, its side BA pro- 
duced to E, the exterior angle CAE bisected 
by AD which meets BC produced in D. BD : 
DC : : B A : AC ; and if so, the exterior angle 
CAE is bisected by AD. 

Through C draw CF parallel to AD (a). 

1. Because the straight Hues AC, FE meet 
the parallels AD, CF, the alternate angles DAC, 
ACF are equal (6), and so are the interior and 

exterior AFC, DAE (r): but by hyp. DAC equals DAE; therefore 
ACF equals AFC (d% and AF equals AC (e) : and because CF is 
dmwn parallel to AD; therefore BD : CD : : BA : AF ( f\ or AC its 
equal </). '•'^' 
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2. Again, becatue BD : DC : : B A : AC, or AF ; therrfore AC equals 
AF (g)t and the angles AFC, ACIT are eqoal (A); but the interior 
angle AFC equals the iexterior DAE, and the alternate angles ACP, 
DAC are equal (b) ; therefore DAE equals DAC {d) ; and so, the an- 
gle CAE is bisected b^ AD. 

Wherefore, if one side of a triangle be produced, &c. 

Q. E. D. 

Becite (a) p. 31, 1 ; (b) p. 27, 1 ; (e) p. 20, 1 ; 

Wax. 1,1; («)p. 6, 1; r/;p.2,6i 

(S')p.»,5; Wp.5,1. 



4 Th. The sides about the angles of equiangular trian- 
gles are proportionals ; and the sides which are opposite to 
equal angles are homologous ; that is^ they are all antece* 
dents, or all consequents of the ratios. 

GiTen two triangles ABC, DCE, equiangular at 
B and C, at C and £, and dierefore at A and D 
(a) ; the sides adjacent to these equal angles are 
proportionals, and the sides opposite to ihem are 
nomologous. 

Place the bases BC, CE in the same straight 
line ; and because the angles ABC, ACB are lelBS 
than two right angles (&), their equals ABC, DEC 
are also less, and BA, ED produced will meet in • 

some common point ¥; and because the angles ABC, DCE are 
equal, BF is parallel to CD (c) ; also, because ACB equals DEC, AC 
is parallel to FE ; therefore FACD is a parallelogram, whose oppo- 
site sides AC, DF, and AF, CD are equal (d). 

And, in the triangle EBF, because AC is panllel to FE, and CD 
parallel to BF ; therefore, 

BA : AF, or its equal CD : : BC : CE, and 
BC : CE : : FD, or its equal AC : DE (c). 
And taking both these alternately (/), 
BA: BC: : CD: CE; also 
BC : CA : : CE : ED; and again ex aquo; 
BA : AC : : CD : DE, {g). 
Wherefore, the sides about die angles, &c. Q. E. D. 

Eeciteftf)p. 32, 1; (*)p. 17, 1; (c)p.28, 1; 
to p. 34, 1; (e)p.2,6; (/)p. 16,5; 
Kg) p. 22, 5. 



5 Th. If the sides of two triangles about each of their 
angles be proportionals, the triangles shall be equiangular, 
and shall have their equal angles opposite to homolc^us 
sides. 

8» 
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Given two triangles ABC, DEF ; ao 
that AB : BC : : DK : EF, 

BC : CA ; ; EF : FD, and tx 
09Ma/» AB : CA : : DE : FD; 
then the tiiangles are equian^lar, 
having their equal angles opposite to 
homologous sides 

At the points E, F, in the straight 
line EF, make the angles FEG, EFO 
severally eqaal to tho angles B, C (a) ; 
then the third angles G and A are equal (&) 

Now, because the triangles ABC, EGF are eqcuangular, their sides 
about equal angles are ] » ^ v » .« «« -r,^ 

EF; butAB:BC::D 
and therefore GE equals 
DF. 

And since, in the triangles DEF, GEF, the sides EG, ED are eq^sal, 
and EF is common, there are two sides in the one equal to two sides 
in the other; and the bases FG, FD are equal; therefore the angles 
DEF, GEF are equal ; as are also the other angles, namely, DFE to 
GFE and D to G (e). 

And because DEF equals GEF, it also equals B (/) : fi>r the same 
reason the angle C equals DFE, and the angle A equals the angle D. 
Therefore the triangles ABC and DEF are equiangular. 

If therefore, the sides of two triangles, &c. Q. E. D. 



Becite(a)p. 23, I; 

'" p. 9, 5; 



•ffii 



(A) 33, 1 ; 
(e)p. 8, 1; 



(c)p. 4, 6; 
(7) 8X. 1, 1. 



6 Th. If two triangles have one angle of the one equal 
to one of the other, and the sides aboat the equal angles 
proportionals, the triangles shall be equiangular, and shall 
have those angles equal which are opposite homologous sides. 



Given two triangles ABC, DEF, having 
the angles A and D equal, and BA to 
AC as ED to DF; then shall the other 
angles be equal; namely, B to E and 
CtoF. 

At the points D, F, in the side DF, 
make the angle FDG equal to FDE, or 
A, and DFG equal to C (a); the thud 
angles G and B are equal (6). 

Now, since the triangles ABC,. DGF are made equiangalar, 
BA : AC ; : GD : DF (c); but BAi AC : : ED : DF by hyp.; Siere* 
fore ED : DF : : GD : DF {d) ; and so, ED equals GD, (e), and DF 
is common to the two triangles EDF, GDF ; ^erefore the sides ED, 
DF equal the sides GD, DF, and they contain equal angles: vrhere- 




BOOK ¥1.] 



SECOND LESSONS IN GEOBCBTRY. 



H 



foam (/) the bates £F, GF sre equal ; the angles E, G are equal; also 
DFE equals DFG. But 6 is made equal to B, and DFG to C; there- 
fore B 18 equal to E, and C to DFE (g). 

Wherefore, if two triangles have, 6ui» Q. E. D. 

Becite (a) p. 23, 1 ; (6) p. 3*2, 1 ; 
(li)p. 11,5; (€)9,5; 
(g) ax. 1, 1. 



(c)p.4,6; 



C 



7 Th. If two triangles have two angles equal, and the 
sides about other two angles proportionals ; then, whether 
the third two be oblique or right angles, the triangles shall 
be equiangular, and have those angles equal which are 
contained by the proportional sides. 

Let two triangles ABC, DEF, have equal angles at A and D, and 
have AB to BC as D£ to EF ; their angles at B and £ are equal, alio 
those at C and F. 

If then it be said, that the angles at B and E are unequal, make tlie 
angle ABG equal to E (<2) ; and it follows, that AB : B6 : : DE a EP 
(6); that AB has to BC and BG the same ratio; that BG equals BC 
(c), and that the angles BGC and BCGare equal (i^ 

Then since the angles at C and F 
may be right or oblique: 

1. If C and F be acute, BGC la 
acute (d)y and the adjacent angle 
BGA is obtuse («) ; and so, F is ob- 
tuse, because the triangles ABG, 
DEF assume to be equiangular. 

2. If C and F be obtuse, BGC 
is obtuse ^d)^ and the adjacent an- 
gle BGA is acute («) ; and so, F is 
acute, because the triangles ABG, 
DEF assume to be equiangular. 

3. If C and F be risht an- 
gles, BGC is a right angle {d) 
and so two angles of a triangle 
are not less than two right an- 
gle»(/). 



Therefore to deny the eaual- 
ity of the angles at B ana E, 
makes the same angle F acute and obtuse, and two angles of a 
gle equal to two ri^t angles, which are both absurd. 

Wherefore, if two triangles have two angles equal, &c. 

Q.E.D. 

Becite(a)p. 23, 1; (6)p. 4. 6; (c)p. 9, 5; 

I4^i,ii W p. 13,1 1 (/)p.ir,i. 
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8 Th. In a right angled triangle, if a perpendicular be 
drawn from the right angle to the base, the triangles on each 
side of it are similar to the whole and to each other. 

Given the triangle ABC, right angled at C : die 
perpendicular CD divides ABC into two triangles 
■imuar to the whole and to each other. 

Becanae the angle BCA equals BDC (a), and 
that the angle B is common to the two tnangles 
BCA, BDC, the thfad angles BAC, BCD, are equ^ 
to each other (6); therefore the triangles BCA and ^ 
BDC are equiangular, and the sides about the e(|ual A. 
angles are proportionals (e) : therefore the trian- 
gles are similar (<2). , , . , ^^^ «TX-^ 

In like manner, it may be shown, that Ae tnangles ADC, BDC are 
equiangular and similar: and llie triangles BDC, ADC, being each 
1_^ ^^ shnilar to BCA, are equiaogular and similar to eacb 




Therefore, in a right angled triangle, &c. Q. E. D. 

Recite (a) ax. 10, 1 ? (b) p. 32, 1 ; (c) p. 4, 6; 

id) def. 1, 6. 

Cor. Vrttm the equiangular triangles, as above, come the following 
prur>ortiotJ9 namely, BD : BC : : BC : BA, 

AD : AC : : AC : AB, and BD : DC : : CD : DA. 

Theroh.ro each ride of the triangle ABC is a mean proportional 
between its adjacent segment of the base and the base complete ; and' 
the perpendicular is a mean proportional between the segments of the 
base 



9 P. From a given straight line (AB), to cut off any 
part required. 

From the point A draw AC, at any angle with 
AB. In AC td^e a point D, and make AC the 
some multiple of AD that AB is of the part to be 
cut off from it: join BC, and draw DE parallel 
to it; A£ is the part reouired. 

Because ED is parallel to BC, a ride of the tri- 
angle ABC (a), CD : DA : : BE : EA; and by 
comporition, CA : AD : : BA : AE (d) : but CA 
is a multiple of AD, and BA is the same multiple 
' of AE(c): therefore, whatever part AD is of AC, 
the same part is AE of AB. 

Wherefore, from the straight line AB the required part is cut off; 
which was to be done. 

Becite (a) p'. 2, 6 ; (6) p. 18, 5 ; («) p. D, 5, 
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10 P. To divide a given straight line into parts, having 
the same ratios as the parts of a divided straight line given. 

Given the straight line AC, divided in D, E ; 
and AB to be divided into similar partg, or hav- 
ing the same ratios. 

Place AB, AC, so as to contain any angle ; 
join BC ; and through the points D, E draw 
DF, EG parallel to BC (a) ; and through D 
draw DHK parallel to AB. 

Now, in the parallelograms FH, HB, the side 
DU is equal to FG, and HK to GB (6). And 
because, in the triangle DKC, HE is parallel to 
KC, CE is to ED as KU is to HD, or as BG is ^ 
to GF : and because, in the triangle AGE, FD ^ ^ 

is parallel to GE, ED is to DA as GF is to FA (<r). And 
proves that CE : ED : : BG : GF, and ED : DA : : GF : FA ; 

Therefore, the given straight Hue AB is divided similarly 
which was to be done. 

Recite (a) p. 31, 1 ; {b) p. 34, 1 ; (c) p. 2, 6. 



5^ 



It 

to AC; 



IIP. To find a third proporticmal to two given straight 
lines, AB, AC. 

Place the given lines AB, AC so as to contain 
any angle; join BC; produce AB, so^that BD 
shall equal AC ; through D, draw DE parallel to 
BC (a)f and produce AC to meet DE (b). 

Because, in the triangle ADE, BC is parallel to 
DE, we have AB to BD. or to its equal AC, as 
AC to CE (c). 

Therefore, CE is the third projmrtional to AB, 
AC ; which was sought. 



Recite (a) p. 31, 1 ; 



(A)P08.2; 




12 P, To find a fourth proportional to three given 
straight lines A, B, C. 

Place two straight lines DE, DF so as to 
contain any angle EDF; and upon these 
make DG=A, GE=B, and DH=C ; join 
GH, and produce DH to meet £F djrawn 
parallel to GE. (a). 

And because, in the triangle DEF, GH 
is parallel to EF, there is DG to GE as DH 
to HF (b): but DG, GE, DH were made 
equal to A, B, C : 

Therefore, A : B : : C 
Bought. 

Recite ^a) p. 31, 1; 
5 




HF ; and so, HF is the fourth proportional 
(*)p.2,«. 
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13 p. To find a mean proportional between two given 
straight lines AB, BC. 

Place AB, BC in a straiglit line AC ; bisect 
it (a); and, upon the bisectional point, de- 
scribe a semicircle to pass through A, C ; 
through B draw BD at right angles to AC {b) ; 
join AD, CD. 

Because the angle ADC, in a fcemicircle, is 
a right angle (c) ; and that, in the ri^hl angled triangle ADC, a per- 
pendicular BD is drawn from the right angle to the base ; DB is a 
mean pro^rdonal between the segments of the base, which are tlie 
given straight lines AB, BC {d) : 

Wherefore, BD is the mean proportional sought. 

Recite (a) p. 10, 1 ; (*) p. II, 1 ; (c) p. 31, 3 ; 

id) Cor. p. 8, 6. 




14 Th. Equal parallelograms, which have equal an- 
gles, two and two, have their sides about equal angles re- 
ciprocally proportional : and parallelograms are equal, 
which have equal angles, two and two, and their sides 
-about equal angles reciprocally proportional. 

Giyea two equal parallelograms AB, BC, hav- 
ing equal angles at B. Fkce the parallelograms 
so that the angles at B shall be vertical to each 
other (a), and reciprocal sides, DB, BE and GB, 
BF, in straight lines : complete the parallelogram Eh 
FE. ThenDB:BE::GB:BF; and if so, AB 
equals BC. 

1. Because the parallelograms AB, BC are 
equal; and FE is another parallelogram ; 
AB:FE::BC;FE(ft). But AB:FE: : DB: BE, 
and BC : FE : : GB : BF (c) ; therefore, 
DB : BE : : GB : BF (d) ; and these proportion- 
als are reciprocal sides about equal angles. 

2. Because DB : BE : : GB : BF ; and that DB : BE : : AB : FE, 
and GB : BF : : BC : FE (c) ; therefore AB : FE : : BC : FE (d) ; 
and so, the parallelograms AB and BC having the same ratio to the 
parallelogram FE, are equal to each other («). 

Thererore, equal parallelograms, &c. Q. E. D. 

Eecite Ca) p. 15, 1 ; (A) p. 7,5; (c)p. 1,6; 

(4) p. 11,5; (e)p. 9,5. 

Note. — The opposite sides and angles of a parallelogram are equal : 
p. 34 of b. 1. 




15 Th. Equal triangles which have an angle of one 
equal to an angle of the other, have their sides about the 
equal angles reciprocally proportional : and triangles are 
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equal, which have an angle of one equal to an angle of the 
other, and the sides about the equal angles reciprocally 
proportional. 

GKven two equal triangles ABC, ADE, 
having equal angles at A. Place the trian- 
gles so that the angles at A may he vertical 
(a) to each other, and reciprocal sides CA, 
AD and EA, AB in straight lines : join BD. 
Then 1, CA : AD : : EA : AB ; 2, ABC=ADE. 

1. Because the triangles ABC, ADE are 
equal; and that ABD is another triangle, ^c ^ 
ABC : ABD : : ADE : ABD (b)i hut ABC : ABD : : CA : AD: and 
ADE : ABD : : EA : AB (c); therefore CA : AD : : EA : AB {d); 
and, taken in this order, these proportionals are reciprocal sides. 

2. Beeause C A : AD : : EA : AB ; and that CA : AD : : ABC : ABD, 
und EA : AB : : ADE : ABD (c) ; therefore ABC : ABD : : ADE : ABD 
(b); and so, the triangles ABC, ADE, having the same ratio to ABD, 
are equal to each other (d). 

Therefore, equal triangles, &c. Q. £. D. 

Recite (a) p. 14, 15, 1 ; def. 2, 6 ; (b) p. 7, 5 ; 

(c)p. 1,6; (i) p. 11,5; («)p.9,5. 

Note. — Beciprocal sides, def. 2, b. 6. 



16 Th. If four straight lines be proportionals, the rec- 
tangles of the extremes and means are equal : and if the 
rectangles of the extremes and means be equal the four 
straight lines are proportionals. 

1. Given AB to CD as E to F; sought ABxF=CDx£. 

2. Given FxAB=ExCD ; sought AB : CD : : E : F. 

From the points A, C, and at right angles to AB, CD, draw AGk=F, 
and CH=-E (a). 

Complete the rectangles BG, DH. 

1. Because AB : CD : : E : F, and that 
E, F are equal to CH, AG; therefore 
AB : CD : : CH : AG (i). Therefore the 
sides of the parallelograms BG, DH, are 
reciprocally proportional; and so, BG is 
equal to DH (e). Now, BG is the rectangle 
of AB and AG, or F ; and DH is the rec- 
tangle of CD and EH, or E: therefore 
ABXF=CDXE. 

2. Because F times AB equals E times CD; and that E, F are 
equal to CH, AG: therefore ABxAG=CDxCH. But parallelo- 
grams that are equal and equiangular, have their sides about equal 
angles reciprocally proportional (c): therefore AB : CD : : CH : AG ; 
that is, AB : CD : : E : F. 

Therefore, if four straight lines, &e. Q. E. D. 

Becite (a) p. 11, 1 ; (b) p. 7, 5 ; (c) p. 14, 6. 
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17 Th. If three straight lines be proportionals, the 
rectangle of the extremes is equal to the square of the 
mean: and if the rectangle of the extremes be equal to 
the square of the mean, the three straight lines are pro- 
portionals. 

Oiven three straight lines A, B. C ; 
Booh, that AistoBasBistoC: then 
A xCs=B squared. 

The square of B has two dimen- 
sions, each equal to B: let D=B. 
Then A : B : : D : C (a). But if four 
straight lines be proportionals, the rec- 
tangle of the means equals that of the 
extremes(6): therefore A XC=:BXD. 
But the rectangle of B and D is the square of B ; because B=D« 
Therefore the rectanale of A, C equals the square of B. 

But let the rectangle of A, C equal the square of B ; then A : B : : 
B : C. For, if B=D, as before, then AxC=BxD : and if the rec- 
tangle of the extremes be equal to that of the means, the four 
strught lines are proportionals; therefore A ! B : : D : C (*). But 
B=D ; therefore AistoBasBistoC. 

Wherefore, if three straight lines, &c. Q. E. D. 

Recite (a) p. 7, 5 ; (b) p. 16, 6. 




18 P. Upon a given straight line (AB) to describe a 
rectilineal figure,* similar and similarly situated to a givea 
rectilineal figure (CDEF, or CDKEF). 

Join DF; and make aneles (a) at the points— 

A, B; namely, A=C, and ABG=CDF, 

B, G; namely, GBH=FDE, and BGH=DFE, 
B, H ; namely, HBL=EDK, and BHL=DEK. 

Therefore, since the triangles ABG, CDF have 
two angles in the one equal to two in the other, 
they are equiangular (6) ; and their sides about 
the equal angles are proportional (e) : the same 
is true of the triangles BGH, DFE ; also of the 
triangles BUL, DEK. 

Therefore AB : BG : : CD : DF (c). 

and BG : BH : : DF : DE ( c) : There- 
fore ex aquo AB : BH : : CD : DE{d); which are 
sides of t^e trapezia, about equal angles. 

It itiay also be proved in like manner, that the 
other sides of the trapezia, about their equal an- 
gles, are proportionals; also, that the sides of the 
utegohir pentagons, about their equal angles, are 
proportionals. 

Therefere, the trapezium ABHG, and the us 
regular pentagon ABLHG, are saveraUy similar 
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to tli6 trapeziom CD^F sod peirtagoir CDKBF (e) ; aad diey a» d»- 
•odbed upon the given straignt line AB, a^ required* 

And, in this ftaaimer, ti figure of six or more aides, and nmilar^ % 
giTen figare, may be described upon a givenitraigfat line* 

Beoito (a) p. 23, 1 ; (b) p. 32, 1 ; U) p. 4, tf ; 

(e) def< 1, 6 a&d delL 85, U 



> (a) p. 23, 1 ; 
rd)p.22,5} 



19 Th. Similar triangles are to one another in the du* 
plicate ratio of their homologous sides. 

Given the nmilar triangles ABC, 
DEF; having the mgles at B, E^ 
equal, and AB to BO as DE tb 
EF : then BC, EF are homologous; 
beeanse Ihejare-the consequents 
of the ratios (aj ; and the mtio of 
A8C to DEF IS the duplicate or 
square o the ratie of BC to EF (*). 

Take B@, a third proportions to ^ 
BC^EF(c);sotiiatBC:EF::EF: " 
BG, aod join GA. Then, since -^B : BC : : DE : EF, alternately, AB : 
DE ; : BC : EF (ct). But BC : EF : : EF : B6; therefore AB : 
DE : : EF : BG(e): wherefore the triangles ABG, DEF are equal (/). 
, . . ^ . . ^jjj^y^^Q of BCto 



And ande BC, £F, BG ore three 
BG is the duplicate of the ratio of fec'to EF (b) : but BC : BG : : 
ABC : ABG {g), or its equal DEF (A) ; wherefore the ratio of ABC 
to DEF is the duplicate of the ratio ot BC to EF. 

Therefore, simdar triangles, Sdc, Q. E. D. 

Recite (a) def. 10, 5 ; (b) def. 8, 5 j (c) p. 11, 6 ; 

' " (/)P.15.6; 




(f)p. 11>5; 
(A) p. 7, 5. 



Cor. Henoe, if three straight lines be proportionals, the first is to 
*he third, as anv triangle upon the first ip to a similar triaogle upon 
the seeozid. Tue same is true of sbmlar parallelograms^ p. 41, 1. 



SO Th. Similar polygons may be divided into the same 
number of similar triangles, having to each other the ratio 
of the polygons ; which is the duplicate ratio of ^ ^ir 
homologous sides. ; 

Let two polygons ABCDE, 
FGHKL, be similar, and have the 
aides AB, FG homologous (a). 

Draw EB, FjG and LG, LH; 
which divide the polygons into 
three triangles each. 

'Now these -triangles are to be 
proved similar. 

1. In the similar poiysons (h), 
▲B: AE::FG(!FL; and ihean- 
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1^ are eqpttl at A, F} iothetriaaor 

gles ABE, FGL beiog equal (e), 
KfB the an^ ABE, FGL eqoal. 
Bat these equals are parts of the ^ 
equal polygaDal ai^es at B, 6; 
tfaeiefbre the other puts EBC, UQU 
are e^oal {d). 

Also, in these eqniangnlar trian* o~7 c K . h 

gles EB ! BA : : LG : GF («); 

And in the simibr polvemtf AB : BC : : FG : GH {b}; 

Therefoie, from equal distuice EB : BC : : LG : GH ( /). 

Hence the triangles EBC, LGH, have their sides about equal angles 
proportional, and are therefore siniilar: for like reason, the trian|[lea 
ECD, LHK are similar. Therefore, the similar polygons are cut mto 
an equal number of sumlar triangles. 

Again, the similar triangles have to each other the ^lygonal ratio ; 
namely, the duplicate ratio of AB to FG. For the r-"-'- 




of ABE to FGL is the duplicate of BE to GL {g) 
of BCE to GHL is the duplicate dT BE to GL ; also 
of BCE to GHL is the duplicate c^ CE to HL, and 
of CDE to HKL is the duplicate of CE to HL. 
Therefore, the ratios of ABE to FGL, BCE to GHL, and CDE to 
HKL are all equal ; and, as one of &e. antetjedents is to itseonse- 
quent, so is the sum of all the antecedents to ihe sum of all- the con* 
seqnents (A). Thus the ratio of ABE to FGL equals that of ABODE 
to FGHKL ; which is the daj^licate ratio of the homologoua sides 
AB, FG ; aod so of the other tnangles. 

Wherefore, simitar polygons may be divided, &c. Q. E. D. 
Bacite («) def. 11,5; (A) de£ 1, 6 ; (e) p. 4, 1 ,- 

id) ax. 3, 1 ; (e) p. 5, 6 ; (/) p. 22, 5 ; 

(«f)p. 1»,6; (A)p. 12t,5. 

21 Th. Rectilineal figures which are similejr to the 
same rectilineal figures are also similar to one another 

Let eadi of the figures A, B, be simi- 
lar to C ; A is similar to B. 

For since A is simflar to C, they ace 
eqioangular, and have liieir sides about 
equal angles, proportionals (^i). 

And since B is similar to €, they are 
eqniangulur, and have their sides about 
equal angles proportionals (a). 

^Tfaer^re tiiie feures A, B, are, each 
of them^ eq m ang nl ar to C, and have the 
sides about equal anglee of each of 
them, and of € proportionals. Wherefore, the rectilineal figures A 
and B are equiaqgolar (b), and have ttteit sides about eqoaf angles 
proporticmals (c). 

Therefera, A is Mmilar to B Q. E. D. 

Hecite (a) def. 1, 6? (*) ax. 1, 1« (c)p. 11,(>. 
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22 Th. If four straight lines be proportionals, the sim- 
ilar rectiline&l figures deseiibed upon them shall be pro- 
portionals : and if the similar rectilineal figures described 
upon four straight lines be proportionals, those lines shall 
also be proportionab. 

l.LetAB,CD,EF.^H, 
be four stndght lines, of 
nrch kind that AB : CD 

::EF: GH; and upon 
ABy CD» de«cribe nmi- 
2ar figures, ABK, CDL ; 
ftko, u{H>a EF, 6H, dor 
scribe snnilarfigores FM, 

HN. K F Q H 

Then ABK i CDL : : FM ; HN. 

To AB, CD let X be a third proportional ; 
and to £F, GH let O be a tfaiid proportional {a). 

And since AB : CD : : EF : GH by hyp. 

and CD: X ::GH: O, (*); 
€06 mquaU AB : X : : EF : O, <c>. 

But AB : X : : ABK : CDL {d) ; 

andEF: O : : FM ; HN(<«); 
theref(tt-e ABK : CDL : : FM : HN (<2), as stated^ 

2. If ABK be to CDL as FM is to HN; then AB : CD : : EF : GH, 

Let AB be to CD as EF IB to PR (« j ; and upon PR describe the 
rectilineal figure RS, similar to HN, or FM (/). Then since AB : 
CD : : EF : PQ; and upon AB, CD similar figiues ABK, CDL, an 
described ; and upon EF, PR similar figures FM, RS, vte described ; 
therefore ABK ; CDL : : FM : B8. But, by hyp. ABK : CDL : : 
FM : HN ; therefore FM has to RS and HN the same ratio; and so^ 
BS eqpials HN {r) ; therefibre, being equal and similar, their sidetf) 
about equal angles are equal: hence PR equals GH;~and for this 
cause, and that AB : CD : : EF : PR, it is clear that AB : CD : : EF : 
GH. Therefore, if fc^ur, &c, Q. E. D 

Recite (a) p. 11, 6 ; . (b) p. IX, 5; . (c) p. 22, 5; 
(d) cor. p. 19, 6? C«)P-12,6; (/)p. 18,6; 

. (^)P-9,5. 



23 Th. Equiangular parallelograms have to each other 
the ratio which is composed of the ratios of their sides :— 
the sides of the aatecedent being the antecedents, .and the 
sides of th^ consequent being the consequents. 
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CKven AC, CF, two paraUelogramt, faa^ipg 
equal angles at C : the ratio of AC to CF ifl com- 
posed of the ratios of BC to CD and of EC to CO. 
Place the angles at C vertical to each other (a) ; 
^len the sides adjacent ta them sball be m stnignt 
lines (b) : complete the parallelogram DG. 

Now, since parallelograms of the same altitude 
are to each other as their bases (e)f 
AC : DG : : BO : CG, 
andDG: CF : : DC : CE. 
Asd, since in oompotmd ratios, tbe product of 
.sndthe 




the antecedents is the antecedent, chhT the product of the oooseqnenti 
u the consequent (d) ; 

Therefore ACXDG : DGxCF : i BCxPC : CGxCE. 

But magnitudes have the same ratio as their equimultiples (e); 
therefore AC : CF : : BCxDC : CGxCE. 

Wherefore, equiangular parallelograms, &G. Q. E. D. 



Becite (a) p. 15, 1 ; (b) p. 14, 1 ; 

(d)def. 10, and p. 32, 5; 



(c)p, 1,6; 
(«) p. IS, 5 



24 Th. The parallelograms about the diameter of any 
parallelc^ram, are similar to the whole and to one another. 




Given iShe whole parallelogram BP, of which 
the diameter is AC ; and EG, HK, parallelo- 
f^nsoiA about the parts of AC : the three are 
ttmilar to each other. 

1. BD.and EG are equiangular : for since DC, 
6F are parallels, the angles ADC, AGF are 
equal (a) ; and since BC, £F are parallels, &e q 
angles ABC, AEF are equal (a) ; also the com- 
mon angle DAB equals eteh of the opponte angles BCD, EFG (b), 

2. The sides of BD, EG, about equal angles, are proporticmals ; for, 
in the triangles BAC, EAF, the angles ABC, AEF are equal, and BAC 
is common t the triangles are therefore equiangular ; and so, AB s> 
BC : : AE : EF (e). And since the opposite sides of parallelograms 
are equal {b), AB : AD : : AE : AG, and DC : CB : : GF : FE, also 
CD : DA : : FG : GA id\ 

Therefore the parallelograms BD, EG are equiangular; and the 
lideB about their equal angles are proportional : they are therefore 
similar to each other, as stated (c). For the same reason, BU is sim- 
Sar to HK; wherefore, also, EG is similar to HK (/). 

Wherefore, ^e p^rallelograip9, &c. - Q. E. D 



Beeite 



(a) p. 29, I; 
Wp.7,5; 



ffiL'^'^' 



if. 1, 6; 



Wp. 4,6; 
(/)p.21,6. 
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!35 P. To describe a rectilineal figure which shall be 
similar to one and equal to another given rectilineal figure. 

Given the rectilineal 
figures ABC and DE : it 
is required to describe 
a rectilineal fisore simi- 
lar to ABC, and equal to 
DE. 

Draw AO perpendic- 
ular to BC (a); produce 
AO to P, so that OP 
be equal to half AO; 
through P draw FT par- 
allel to BC (M; com- 
plete the parallelogram 
BT ; to the s^traight line BF apply the parallelegram EF {c\ making 
EF emial to DE (<i) ; bisect tne straight line CE in I (« j ; on the cen- 
tre I dedcKbe the semicircle CGE; tinrough B draw BG at light an- 
gtes to CK {f) ; make BH equal tb BG, and upon it describe the tri- 
augle BHK equiangular to ABC {g), BHK is equal to DE. 

OE is equal to EF; for they are complements about the cBameter 
kA a parallelogTam {d)\ but BT : EF : : BC : EB {k)\ aad because 
CGE is a semicircle, BG is a mean proportional between BC and 
KB (t); therefore BC is to EB as the triangle ABC is to a sinular tri* 
angle described upon BG (A), or upon its equal BH ; that is, BHK. 
And since BC : EB : : BT : EF, or ABC : BHK; therolore ABC t 
BHK : : BT : EF (/)• But ABC ec][uals BT ; for they have the sama 
base, and the triangle has two altitudes of the paiuUelogiam (m); 
therefore BHK is equal to EF {n), or DE, as stated. 

Wherefore, because BHK is equiangular to ABC, it is also OMular 
to it {p) ; and it also j>rove8 equal to DE. 

Therefore, a rectilmeal figure has been described, ^. 

Q. E. F. 
(&)p.5I, 1; (c) p. 45.1; 

(e)p. 10, 1; (/)p. 11,1; 

(A) p. 1,6; (i) p. 13,6; 

(/)p. 11,5; (to) p. 41, 1; 

\o) p. 4, 6. 



Becite (a) p. 12, 1 ; 
W p. 43,1; 
(ff) p. 18. 6; 
(A?) cor. p. 1ft, 6; 
(»)p.l4,5; 



26 Th. If two similar parallel(^rams have a commoB 
angle, and be similJEiiiy situated, they are about the same 

diameter. 

Given the parallelograms BD, EG, similar, and 
having the angle A common, they are about die 
same diameter. 

For, ii BD have for its diameter AHC, and JEG 
have AF, let GF meet AHC in H ; draw KH par- 
allel to AD, or BC : then the parallelograms BD, 
KG, being about the same diameter, are similar to 
one another (a) : wherefora AB : AD : : AK : AG 
9* 
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{A) : bat beoaoM BD, EG are «anS^, AB : AD : : AE : AG (e) ; and 
■o, AE : AG : : AK : AG, and AE equab AK (d) ; but it is evidenUy 
greater. Therefore AHC i» not the diameter of BD ; nor is any otb- 
er line, that is not al«o the diameter of £G : therefore BD and £Q 
■re aboat the same diameter. Q. E. D. 



Becite 



(/) p. 24, 
(e) p. 11, 



ih) p. 1.6; 
(rf) p. 9, 5. 



Dejmitums. 

1. A parallelogram is exactly a{>plied to a stn^gfat > 
Une, when that une makes one of its sides; as AC to 
AB. 

^ 2. A parallelogram is defectivelv- applied to a straight D 
line, when that Ime makes more than one of its sides ; as 
AE to AB, wbere the defect is DC. B 

3. A parallelogram is excessively applied to a straight 
Una, wh6n that line makes less than one c€ its sides; 
as AG to AB, where the excess is BG. 



27 Th. The greatest of all defective parallelograms 
applied to the same straight line, is that described upon its 
half; provided each of the defects be similar to the paral- 
lelogram described upon half the line. 

Giren the straight line AB bisected in C^ and the figures com- 
pleted, as in the margin ; the defective parallelogram AD, whose de- 
fect is similar to CE (for it is CE), described upon half the line, is 
greater than AF, whose defect KH, is siniilar to CE, because they are 
about the same diameter BD (a). 

1. Let AK, the base of AF, exceed 
AC ; because CF equals FE (6), add KH 
te each ; therefore the whole CH is equcd 
to the whole KE. But CH is equal to C 
CG (c); therefore CG equals KE: to 
«ach of these add CF; tiierefore the 
paraUelogram AF equals the gnomon ^- - 
CHL, and is therefore less than CE, or ^ ^ ^^ 
AD, as stated. 

2. Let AK, the base of AF, be less than AC ; now DH equals DG 
(e) ; for HM equals MG^ because BC equals AC : wherefore DH ex- 
ceeds LGt but DH equals DK (b)-, therefore DK exceeds LG: to 
each add AL; therefore the whole AD exceeds the whole AF, as 
stated. 

Whereftjre, the greatest of all defective, &c, ;Q. E. D. 

Eecite (a) p. -26, 6 ; (b) p. 43, 1 ; (c) p. 36, 1. 
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28 P. To a given straight Kite to a|^y a defyttlve par. 
angiogram equal to a given triangle, whose defect is simi- 
lar to a given parallelogram ; but the given triangle must 
not -exceed the parallelc^ram applied to half the given linei 
whose defect is similar to that of the parallelogram to be 
applied. 

Griven the straight line 
AB; also the triangle CC, 
edaal to the defective paral- 
lelogram to be applied to 
AB, but not greater than the 
parallelogram applied to half 
AB, and D the figare to 
which both defects are to be 
similar. 

Bisect AB in E (a), and 
upon £B describe the parallelogram EF similar to D (b), and coav 
plete the paralklognim AG) which, if equal to CC, is the thing re- 
quired : for AG is applied to AB, defective by a paxaUelogram similar 
toD. 

But if AG be not equal to CC, it is greater by hypothesis ; an4 io, 
EF exceeds CC. Make (c) -the paraUalogram KM equal to the excess 
of EF above CC, and similar to D, or EF (<2) ; and let EG be homolo- 
good to KL, and GF to LM. Therefore EF, being equal to KM and 
CC both, is greater than KM; and its udes EG, GF exceed the ddes 
KL, LM. Make GX e^ual to LK, and GO to LM, and complete the 
parallelogram XO ; which is equal and similar to KM, and similar 
to EF ; and EF, XO are about the same diameter (e). Draw the di- 
ameter BG and complete the scheme. 

Now, beccinse EF equals KM and CC, or XO and C, the gnomon 
ERO equals the part CC ; but EP equab BO (/) : to each add BS; 
the sums ER, OB are equal: but £R equids ET (g); therefore ET 
equals OB : to each add EP ; then the sum ST equals the gnomon 
ERO, which proved equal to CC. 

Therefore ST equals CC ; and it is applied to AB. defective by a 
parallelogram RS, similar to D ; because RS and £1F are about the 
I diameter (&) : which was to be dime. 



Recite (a) p. 10, 1 ; 
id) p. 21, 6 ; 
J')P-36, 1; 



(&)p. 18,6; 
(e) p. 26,6; 
(*) p. 24, 6. 



(/)p.48,l; 



29 P. To a given straight line to apply an excessive 
parallelogram equal to a given triangle : the excess to be 
similar to a given parallelogram. 
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Gi^ea AB, a ttni^ line ; CC» a 
triangle eqaal tp the excenive paral- 
lelogram to be applied to AB ; and. 
D, a parallelo^m to which the ex- 
cess is to be Bimilar. 

Biaect AB in £ (a) ; upon EB de- 
scribe the paFallelograra EL, similar 
to D (6); make the parallelogram 
GH CKjoal to EL and CC both (e)» 
-. -" ' " Lei 
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and similar to D, or EL (d). Let 
KH be the side homologous to FL, and KG to FE: and beeaase GH 
exceeds EL, its sides KH^ KG exceed the sides FL, FE. Make FM 
eqoal to KH, and FN wymi to KG; and complete the scheme MNA.. 

MN is equal and similar to GH; and therefore nmilar to EL; and 
■o, MN, EL are about the same diameter FX («). Therefore MN 
being equal to GH, is equal to EL and CC both : and its gnomomc 
part NOL, is therefore equal to the triangle CC. But NA equals 
NB ^/), or. its equal BM (V) ; therefore the gnomon NOL, or iti equal 
CC, IS equal to the parallelogram AX; which is applied to AB ; hav- 
ing its excess OP similar to EL, shice they are about the same diame- 
ter (A) ; and EL is similar to D ; wherefore OP is also similar to D, as 
required. 

Therefore to a given straight line is applied, &c., which was to be 
done. 

Eecite («) p. 10, 1 ; (*) p. 18, 6 ; (e) p. 25, 6 ; 

' i p. 21, 6 ; (e) p. 26, 6 ; (/) p. 36, 1 ; 

) p. 43, 1 ; (A) p. 24, 6. 






The four fellofoing Problem* are taken from Simeon* t Note* : 
Note 1. To apply a defective rectangle equal to a 
given square to a given straight line, the defect to be a 
square : but the given square must not exceed that upon 
half the given line. 

Given the straight line AB; also 
the square of C, equal to the rect- 
angle to be applied, but not greater 
thfoi the square q£ half AB. 

Bisect AB in b ; then if C equal 
AD, their squares are equal, and the 
defect is the souate of DB. 

But if C be less, for it may not be 
greater, than AD, draw DE at right 
angles to AB (a); make DE equal to C, and EF equal to AD, or DB ; 
from £ as centre, with the distance EF, describe an are, meeting AB 
in G; upon GB describe the square BH (6) ; compete the reetangle 
AH, and ioin EG. 

Now the rectangle AGxGB, with the square of DG, is equal to 
the square of AD, or its equal EG (c) : but the square of EG equals 
the squares of ED, DG (d); therefore, the rectangle AGxGB, wiA 
the square of DG, equals the squares of ED and DG. Take from 
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b6th :d]0 square of I>0: the reetavigle AGxGB remidus eqqftl to 1|m 
Bqtiftre of EDrOr C. 

Wherefore, to a given straight line AB, a rectaasle is applied 
equal to s given square and detective by a squMw; which was to be 
done. 

Recite (a) p. 11, 1 v (b) p. 46, 1 ; (cj p- 5, 2 ; 

(d) p. 47, 1. 

Note 2. To apply an excessive rectangle, equal to a 
given square, to a given straight line : the excess to be a 
square. 

Given AB, a straight line, and the square of C, 
equal to the rectan^e to be applied. 

Bisect AB in D ; draw BE at right angles to it, y^ -^^Z 

so iliat BE equal C ; join DE, and with this as ni- , ^ y\^ 

dius, describe a circle to meet AB produced in /^ v^ l*^ 

G ; upon BG describe the square BH, and com- Ljr =^- — 4ri 

plete the rectangle BL. r M u d u 

Since AB is bisected in D, and produced to G, 
the rectangle AGxGQ, with the square of DB, is equal to the square 
of DG (a), or DE its equal, or the squares of DB and BE (b). Tak» 
from both sides the square of DB ; therefore the rectangle AGxGB 
equals the square of BE, or its equal C. But the rectangle AGxGB 
is the rectangle AH; which is applied to AB, exceeding by the 
square BH, as required to be done. 

Recite (a) p. 6, 2 ; (b) p. 47, 1. 

Note 8. To apply a defective rectangle to a given 
straight .line, not greater than the square of its half, but 
equal to a given rectangle : the defect to be a square. 

Given AB, a straight line ; and CxD, a rect- 
angle, equal to the defective one to be applied 
to AB, but not to exceed the square of half AB. 

On one side of AB, draw AE, BF at right 
angles to it ; so that AE'^Q, and BF«D ; join 
EF, and bisect it in G : with GE radius, describe 
the circle EHF : join HF ; make GK parallel to- ^L 
it, and GL parallel to AE. 

Since the uigle EHF. in a aemknrcle, is equal to the right angle 
EAB, HF is parallel to AB, and AH to BF : wherefore AHc«BF, and 
EAXAH=«EAXBF ; that is, CxP. 

And since EG=GF, and AE, LG, BF are parallels; therefore AL«^ 
LB, and EK=JKH (a): and since CxDmay not exceed AL«, or 
GK«, to each 'add KE», therefore CxD-fKE«; that is, EAXAH^- 
KH«, or AK» (*), is not greater than GK«-f KE«, that is, EG« (c) : con- 
sequently, AK, or GL, is not p-eater than EG. 

No^r, if GE. be equal to GL, the circle will touch AB in L (d) ; 
and AL« will equal EA X AH, or GxD, which is the thing required. 

But if GE, GL be lueqoal, GE is greater; and the circle wiU cat 




f06 



BSOOHI) UEflSOirSf IN GioxsnT. 



[book ti. 



AB in poteto &C N. Upon NB describe the icraare NO, and oorapleto 
the rectangle NQ. Now since AL»BL, and ML— NL (a) ; ttere- 
fore AM— NB; end ANxNB— ANxAM; that is, AExAH (e), or 
CXD. Bat ANxNB is the recCan^ AP ; which is applied to AB, 
defective by the square NO, as was required to be done. 
Becite (a) p. 3, 3 ; (b) p. 6, 2 ; (e) p. 47, 1 ; 

(d) p. 36, 3 ; <e) cor. p. 36, 3. 



Note 4. To apply an excessive rectangle to a given 
straight line, equal to a given rectangle : the excess to be 
a square. 
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Given AB, a straight line; and CxD a 
rectangle equal to the excessiYe one to be 
applied to AB. 

On the contrary- sides of AB, at right an- 
gles to it, draw AE=3=C, and BF=D : ioin 
£F, and bisect it in 6 : with 6E as radius, 
describe a circle EHF; join HF ; draw GL 
parallei to A£ ; produce AB to meet the cir- 
cle in points M, N ; upon BN describe the 
square NO, and con^lete the rectangle BQ. 

The an^le EHF, in a semicircle (a), equals the right angle E AB ; 
therefore HF is parallel to AB (A), and AH=BF (c) ; therefore EAX 
AH»EAxBF,orCxD. 

And since ML»«LN ((j), and AL-*LB ; tiierelbre MA»BN, and 
ANXNB— AMxAN,orEAxAH('0; thatis,CxD. BntANxNB 
Is the rectangle AP, which is equal to the aven rectangle Cxl>, and 
applied to AJ9, exceeding by the square NO, as required. 

Becite (a) p. 31, 3 ; (b) p. 28, 1 ; (c) p. 34, 1 ; 

<d)p.3,3; («)P-35,3. 



90 P. To cut a given straight line in extreme and 
mean ratio. 



Given AB, a straight line, to be cut into two such 
parts, AE, EB, as that AB is to AE as AE is to EB. 

Upon AB describe the square BC (a); and to AC, a A 
Inde of the square, apply CD, an Excessive rectangle, 
equal to BC : the excess being the square AD. See 
Note 4, above. 

Thdn since BC=CD, and the pert AF is common to 
both; reteoving this, the remainders AD and BF are 
equal : these figures are also equiangular ; hence their sides are re- 
ciprocally proportional (*). Wherefore EF : ED : : AE : EB. But 
EF— AC, or AB (e) ; and ED— AE. Therefor© AB : AE J : AE t EB, 
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as stated. Bdt AB is greater than AE, therolbre AE is .greaiter tbaa 
EB (d). Hence the straight Hne AB is divided in extreme and meaa 
ratio, as required (e). 

Becite (a) p. 46, 1 : (b) p. 14, 6 ; (c) p. 34, 1 ; 
(i«)p. 14,5; . (e) def. 3,-6. 

Otherwise. Divide AB in the point E; so that AEt» that is^ 
AEXAE may equal ABXEB (p. 11, St): then it will be that 
AB : A£ : : AE : EB, &c., as above (p. 17, 6). 

81 Th. In right angled triangles, the rectilineal iigure 
described upon the side subtending the right angle, is equal 
to the figures similar to it, described upon the sides con- 
taining the same angle. 

Given the triangle ABC, right-angled at A { 
the irectilineal figure described upon BC, is equal 
to the figures sunilar to it, described upon AB, 
AC. 

Draw AD perpen^cular to BC : then the tri- 
angles ADB, CDA, are similar to CAB and to 
each other (a). 

1. Since CAB, ADB are similar. CB : AB : : 

AB : DB (6) : tiie straig|fat lines CB, AB, DB are therefore three proo 
portionals ; and CB : DB : : fig. up<Mi CB : simflar fig. upon AB (c). 

2. Since CAB, CDA are similar, CB : CA : : CA : CD (b)i the 
straight lines CB, CA, CD are therefore three jHt^portkmabi ; and 
CB I CD : : fig. upon CB : similar fig. upon CA («). 

Taking these two proportions inversely {d) : 

DB : CB : : fig. upon AB : fig. upon CB ; and 
CD : CB : : fig. upon CA : fig. upon CB. 
Adding 1st and 3th, 2d and 6th («) : 

CD-fDB : CB : : figs, upon CA-f-AB : fig. upon CB. 
But CD-|-DB»CB ; therefore figs. uponCA-hAB**fig. upon CB (f), 
. Therefore, in^right^ingled triangles, &c. 4. E. D. 

Becite (a) p. 8, 6 ; (6) p. 4, 6 : («) cor. p. 19^ 6 ; 
.,(4)p.B,5; (Op. 24, 5; ,(/)p.A,5- 

32 Th. If two triangles, having two sides of the one 
proportional to two sides of the other, he joined at one an- 
gle, so as to have their hpmol(^us sides parallel to each 
other; their third sides shall he in one straight line. 

Given two triangles ABC, DCE, joined at their Kv 
point C, with BA parallel to CD, and AC to DE ; also 
BA : AC : : CD : DE— then BC, CE are in one stf^ght 
line. 

Because AC cuts the parallels BA, CD ; and DC 
outs the parallels AC, DE ; the three alternate angles 
A, ACD, D are equal to each other («). ^- 

And because me angles A, are equal, and the ^ 
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gSAes abo«t them proportionalt, the triangles ABC, DCE are eqnJ- 
angiikr (ft) ; thefetore BsDCE. and ACBnE : moreover ACD» A. 
Therefore the angles ACB, ACD, DCE together, are equal to all 
the angles of the triansle ABC ; that is, to two right angles (e); 
or half the compass of ttie angular point C : therefore BC, CE, form 
no angle with each other; bnt are in one straight line (d). 

Wherefore, if two triangles, &o.. Q. E. D. 

Becito (a) p. 29, 1 ; (b) p. 6, 6 ; (c) p. 32, 1 j 
(i)oor. def. 11, 1; also p. 14, 1. 

83 Th. In equal circles, angles, either at the centres 
or circumferences, have the same ratio as the arcs have 
on which they stand : so also have the sectors. 

Given two equal circles, ABC, 
DEF ; in wfaioh the angles BOC, 
EHF are central, and BAC, EDF 
are at the circumference: the an- 
gles BGC, EHF, &c., as also the 
sectors, have the same ratio as the 
arcs BC, EF. 

Take arcs CK, KL, each equal 
to BC ; also arcs FM, MN, each 
•qnal to EF: join G to K, L, and H to M, N. 

Then since the arcs BC, CK, KL iare equal, their ane^les are equal 
(a) ; and the ara BL, and angle BGL, are equimultiples of the are 
BC, and angle BGC. 

And since the ares EF, FM, MN are equal, then* angles are equal 
(a)\ and the arc EN, and angle EHN, are equimultiples of the arc 
EF, and angle EHF. 

If then the arc 6 L be equal to, greater, or less than the arc EN, 
the angle BGL is equal to, gre^Kter, or loss than the angle EHN. BL 
and BGL being therefore equimultiples of BC the first, and BGC the 
third ; and EN and EHN being equimultiples of EF the second, and 
EHF the fourth : it follows (ft), that BC : EF : t BGC : EHF. There- 
fore the central angles have the ratio of their arcs^ as stated. 

But, because the central angles are second multiples of those at the 
circumference (e), BGC : EHF : : BAC : EDF (d); and so, BC : 
EF : : BAC : EOF (e); that is, the angles at the circumferenoe have 
also tiie ratio of their arcs. 

The sectors fdso have the ratio of their arcs. Join C to B, E. 
Then since the radii GB, OC, 6K are equal, and contain equal an- 
cles, as above, the bases are equal; namely, the ohotds BC, CK; 
finally, the triangles GBC, GCK are equal (/). Moreover, the aros 
were made etfual, and the chords prove equal ; therefore, the seg- 
ments are simuar and equal (^), the greater to the greater and thd 
less to the less (h). 

Now a sector, m this case, is composed of a triangle and one of the 
less segments; and tiiese prove equal, each to each: therefore the 
sectors BGC, CGK are equal; and KGL may be proved equal to 
either, in the same way. Moreover, the sectors EHF, FHM, MHN 
may be proved equal to each other. Therefore, the sectors BGL, 
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EHN are tbo ssme multiples of the sectotv BGC, EHF, that &e arcs 
BL, EN are of the adcs BC^ EF. 

If then the arc BL be equal to, greater, or lew than the arc EN t 
the sector BGL is equal to, greater, or leas than the sector EHN. BL 
and BGL being therefore equimultiples of BC the first, and B6C the 
third ; and EN and EHN, being equimultiples of EF the second, and 
EHF the fourth; it follows, that BC : EF : .: BGC : EHF (i) i there- 
fore the sectors have the same ratio as their arcs. 

Wherefore, in equal circles, &c. Q. E. D. 

Kecite (a) p. 27, 3 ; (b) def. 5, 5 ? (c) p. 20, 3 ; 
(d) p. 15,5; Wp. U,5; (/)p. 4, 1; 
(^)p.24,3; (A)p,28,3. 

B Th. If a straight line bisect an angle of a triangle/ 
and likewise cut the base ; the rectangle contained by the 
sides 28 equal to the rectangle contained by the segments 
of the base, together with the square of the bisecting line. 

Given ABC a triangle, and AD a straight line 
bisecting the angle BAC : then BAX AC»BDX 

dc+aB«. 

Describe the circle ACB about the trian^e 
(a); produce AD to the circumference in£; 
join EC. 

Then because the angles BAD, CAE were 
made equal ; and ABD equals AEC, in the same 
segment {b) ; the triangles ABD, AEC are equi- 
angular: therefore BA : AD s : EA : AC (e) ; hence BAxACa- 
EAXAD (d), that is, EDxDA+An« («). But EDxDA=BDXDC 
(/). Therefore BA X ACa^BD X DC-|-AI>», as stated. 

Wherefore, if a straight Ime bisect, &». Q. £. D. 




Becite 



u 



p. 5, 4 ; 
p. 16, 6 ; 



(ft) p. 21, 3; 
Wp. 3,2; 



c) p. 4, 6 ; 
/) p. 35, 3. 



C Th. If from any angle of a trian^e a perpendicular 
be drawn to the base ; the rectangle ccmtained by the sides 
of the triangle equals that containec) by the perpendicular 
and the diameter of the circle described about the triangle. 

Given ABC a triangle, AD a perpendicular 
from the vertex A to the ^Mse, also AE the diam- 
eter of the described circle: then BAxAC^i* 
ADXAE. Join CE. 

Because the angle ACE, in. a semieircle» equals 
the ri^t angle ADB (a) ; and the ansles ABC, 
AEC, in the same segment, are equal (b) ; the 
triangles ABD, AEC are equiangular: tneisfore 
BA : AD : : EA : AC (^); and it follows 
that BAXAC=EAXAD, (<i), as stated. 

Wherefore, if from any angle, &c. 

fiecito(a)p.31,3; (ft) p. 21, 3; 

^c)D,4,«; . (4) p. 16,6. 
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D Th. The rectangle contained by the dia^oiiak of a 

quadrilateral inscribed in a circle, is equal to both tfa» 
rectangles contained by its opposite sides. 

Given ABCD any anadrilateral inacribed in a 
curde; aUo AC, BD, diagonals joining its oppo- 
■ite angles: ACXBD«(BCXAD)H-(ABXCD>. 

Make the angle ABE equal to CBD ; to each 
of Mfhicfa add DBE : the sums ABD, CBE are 
equal : and as angles in the same segment BDA 
eqnaIB€E(a). Therefore the triangles ABD,CBIS 
are equiangular; and BC : EC : : BD : DA (b) ; 
froBi which it comes that BCXDA=BDXEC {c\ 

And because the angles ABE, DBC are made equal; and BAE 
equals B DC of the same segment (a); tiierefore the triangles ABE, 
DBC are equiangular; and BA : AE : : BD : DC (6); from which it 
comes that BAXDC=«AEXBD (tf). 

Therefore, the two rectangles BDXEC and BDXAE are equal to 
the two BCXDA and BAXDC. Bat AE and EC 'aife the parts of 
the diagonal AC; therefore BDXAC«(BDXAE)-KBDxEC){4>« 
(BCXAD)-fABXCD). 

Therefore, the rectangle, && Q. E. D. 

Bocite (a) p. 21, 3 ; (*) p. 4, 6 ; (c) p. 16, 6 ; 

d) p. 1, 2. 

E Th. In a circle, the chord of an are is to the chord 
of its half, as the sum of two straight lines drawn from 
the ends of the chord to aiiy point in the opposite arc, is 
to the line which joins that point to the bisectional point of 
the arc. 

Given the are ACB bisected in C; also the 
ehorda AB. BC, and the straight lines AD, DB, DC : 
it is to be proved that AB is to BC or AC as AD-f- 
PB is to DC. 

Since AB, DC are diagonals of a quadrilateral 
mseribed in a circle, the rectangle ABXDC equals 
the two rectangles ADXBC ma DBXAC (a). 

But ^oe AC»BC (6), theae two rectangles are 
equal to ADXAC and DBXAC, or (AD+DB) XAC (c). Ther*- 
fore, ABxDC=*(AD-i-DB)XAC: and since the sideaof e^ual rect- 
angles are reciprocally proportional (<i), it follows that AB. m to AC, 
or BC as AD-I-DB is to DC, aa stated. 

Wherefore, in a cirde, the cheed of an arc, Sao, - Q. E. D« - 

Recite (a) p. D, 6? (b) p. 29, 3 ; (<?) p. 1, 2; 

W p. 14,6. 




F Th. If three straight lines be proportionals; namely, 
1, a line drawn from a pemt without a circle to the cen- 
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tre ; 2» the radius ; 3, a segment measured from the oen- 
tre to a pmnt in the first ; then, any two. lines drawn from 
the two points to the circumference shall have the same 
ratio as those two segments of the fii:st line which meet 
the circumference, beginning at the said pCHnts. 

Let F be the outer point, D the centre, £ the sec- 
tional point, and A, B, C, points in the cncamfe- 
renoe: Draw FB and pxodaoe it to G; join BA, 
BC, BD, BE. 

Now, since FD : DB : : DB : DE, by hyp., and 
that these proportionaU are about the same angle D, "p 
the triansles JFBD, BED are equiangular (a). 

Therefore FB : BD : : BE : ED (b), and 
alternately FB : BE : : BD, or AD : ED (e). 

But since FD : AD : : AD : ED, by hyp, 
by division FA : AD : : AE ; ED, (d) ; 
and alternately FA : AE : : AD, or BD : ED (c) : 

Therefore FA : AE : : FB : BE (e). 

But FA, AE are the segments of the first line, which meet the cir- 
cumference ; and FB, BE are any two lines drawn from the points to 
the circumference. 

Wherefore, if three straight lines, &». Q. £. D. 

Beoite (a) p. 6, 6 ; (b) p. 4, 6 ; {<?) p. 16> 5 ; 

W p. 17,5; («)p. 11,5. 

Cor. The chord AB bisects the angle FBE : for, in the triangle 
FBE, the segments of the base FA, AE have the same ratio as 3ib 
Bides FB, BE. Recite p. 3, 6. 

A«d for the same reason the chord BC bisects the eztexior angle 
EBG,(p. A,6). 

For since by hyp. FD : DC ; : DC : DE 
by composition FC : CD ; : CE : DE (p. 18, 5) ;. 

and by division FA : AD or CD : : AE : DE (p. 17, 5: 

Therefore, ex aquo FA : AE : : FC : CE (p. 22, 5). 

But it proves that FA : AE : : FB : BE ; 

Therefore FB : BE ; ; FC : CE (p. 11, 5). 



6 Th. If a chord, drawn through the extreme point of 
the diameter of a circle, meet a straight line in the circle 
or out of it, cutting the diameter or its exterior production, 
at right angles) the rectangle of the diameter and its seg- 
ment, between the extreme point and perpendicular, is 
equal to the rectangle of the chord and its segment, be* 
tween the same poi^t and the cutting line. 
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Gtren the chord AB and its 
segmeot AF; ako the diameter 
AC, and its segmetit AD: then 
ABXAF=ACXAD. Join BC. 

Becaose ABC u an an^le in a 
aemicircle (a) ; it k equal to the 
right angle ADF ; and the aneles 
DAF, BAG are either identical or 
vertical, and therefore equal (b) : 
therefore the triangles ABC, ADF are e^niangnlar {c) ; and BA : 
AC : : D A : AF. But the rectangle contained by the means is equal 
to that contained by the extremes (<£); Uierefore DAXAC=:BAXAF. 

Wherefore, if a chord, &c* Q. E. D. 

Beoite Ca) p. 31, 3 ; (6) p. 15, 1 j (c) p. 4, 6 ; 

(d) p. 15, 6. 

H Th. The perpendiculars drawn from the three an- 
gles of a triangle to the opposite sides, intersect each 
other in the same point. 

Given the triangle ABC ; perpendiculars BD, C£ 
intersecting each other in F, ana AF joined ; which 
last prodttoed to G wiU Ml perpendicolar to BC. 
Join ED. 

Since AF subtends a right angle on either side 
of it, it is the diameter of a circle passing through 
the points A, E, F, D (a). Now the vertical an- 
gles EFB, DFC are eqnal (6); the right angles _^ 
BEF, CDF are equal (c), and the triangles EFB, •' 
DFC are equiangular (d) ; therefore FB : FE : : 
FC : FD, and alternately FB : FC : : FE : FD (tf). 
also, the triangles EFD, BFC are equiangular: for their vertical 
angles are contained by proportional sides, as proved. Wherefore 
the angles FCB, EDF are eqnal ; but EDF equals EAF as angles iu 
the same segment (/) ; therefore EAF eauals FCB : the vertical an- 
gles EFA, CFG are also e(jual (b) ; and tke third an^es AEF, CGF 
are eqm^ (g). But AEF is a right angle ; 

Wherefore, CGF is a right angle ; and AG, passing Arough the 
point F, is perpendicular to BC. Q. E. D 

Recite (a) p. 31, 3 ; {b) p. 15, 1 ; (c) ax. 10, 1 ; 

' "I p. 4 and 6, 6 ; (<) p. 16, 5 ; (/) 

) p. 32, 1. 




Therefore 



Wi 



op. 21, 3; 



Cor. The triangles ADE, ABC are nmilar: for Ihe triangles ABD, 
ACE, having right angles at D and E, and the angle A common, are 
equiangular, and have BA to AD as CA to AE ; and alternately B A 
to C A as AD to AE. Therefore the two triangles BAC, DAE have the 
angle A common ; and the sides about it proportionals ; therefore the^r 
are equiangular (6, 6), and similar: and the rectangles BAXAF 
CAXAD are equal. 



IJID or THB aiX BOOKS. 



ELEMENTS 
or 

PLANE TRIGONOMETRY. 




Planb TsKKmoMBTRY teachos the measuTement of dis- 
tance and elevation by means of angles. The principles 
of it are all oontained in the preceding sax Books. 

Lemma 1. An angle at the centre of a oircle is to four 
right angles, as the arc on wluch it stands is to the whole 
circumference. 

Given ABC, aeeatral angle, and AC the arc wfakh 
measares it (a) ; the angle ABC is to four xiffht an- 
gles, as the arc AC is to the whole circumrorence 
ACF. ^ et 

Prodace AB to meet the circle in £ ; andatrig^t 
angles to AE draw DBF. 

Then, because ABC, ABD are central angles; 
and AC, AD their arcs;— ABC : ABD : : AC : AD 
(6) : moreover ABC : 4ABD : : AC : 4Ap (c). Bat ABD is a ri^t 
angle, and AD is the are which measures jt : ther^ore the angle ABC 
is to 4 right angles as the arc AC is to the whole circumference. 

Becite (a) def. 1, trig. ; {h) p. 33 of fo. 6 ; (e) def. 3, and p. 4 of b. 5. 

Cor. As the arcs AC and 6H measure the scane angle ; AC is to the 
circumference ACE, as OH is to the circumference GHK: Aerefore 
equal angles at the centres of different drclea stand on arcs which 
have the aame ratio to ^eir oirckmiferenoet. 

Definitions, 

1. The meatwre of an anflla is the arc of the eirde on which it 
stands : thus, the arc AC is tine measure of the angle ABC. 

3. Decreet, mimUe»t teeonda, &»., are the terms of circle measure. 

Example. Every circle great or amall is divided into 860 decrees, 
each degree into 60 minutes, each minute into 60 seconds. Hence 
an angle and its arc contain ^e same number of degrees, &c. 

3. The eovnplement of an angle is its defect from a right angle. 

4. The auppUment of an angle is Hs defect from a senlicircle. 

5. The tine of an angle is a straight line drawn is the boadat 
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(timm*) of tne arc, from erne end of it, perpending upon the diaaaeter 
which meets the other end,— 00 CD. The greatest fine is that of a 
quadrant or 90 degrees; which is equal to the radius. 
^ 6. The tangent is a straight line touching the arc, parallel to the 
aine, and intercepted W the two sides which contain the angle,^ 
as AE. The tan|gent of 45 degrees is equal to the radiw. 

7. The teeatU is one of the smLos which oontun the aa^g^Ie, produced 
to meet the tangent, trough the point in which the line meets the 
arc,— as BE. 

8. The cotine, cotangent, and eoteeantf are the sine, tangent and 
secant, of the complement of the arc or aikgle. 

^ 9. The sine, tangent and secanft of an arc, or angle, are also the 
sine, tangent and secant of its supplement. 

10. The tubsinet or yersed sine, is a segment of the diameter int^v 
cepted between the sine and tangent,— as AD. 

11. The aubtense*, or hypolhenuse, ia iho side oppoatte to a li^ 
angle. 

Note. It appears from the diagram, 
that any one of the lines, BA, BC, BH, 
&c., is a radius; that CD or BL is a 
sine; CL or BD a cosine; AE a tangenti 
UK a cotangent ; BE a secant, and BK 
a cosecant Moreover, if the arc AC, 
and its complements CH were equal, 
the tangent, cotangent and radius, would 
also be equal; as also the sine and co- 
sine. 

These lines form several equiangular triangles, whose sides are 
therefore proportionals, viz : 

1. Cosine is to sine as radius is to tangent :^- 

Ex. BD : DC : : BA : AE. 

2. Tangent is to radius as radius is to cotangent: — 

Ex. AE : AB s : BH : HK. 

3. Cosine is to radius as radius is to secant: — 

Ex. BD : BC : : BA : BE. 

4. Sine i^ to xadins as radiua is to cosecant: — 

Ex. CD : CB : : BH : BK. 

5. Sine is to cosine as radius is to cotangent:— 

Ex. BL : LC : : BH : HK. 

12. The sine, subone,* tangent and secant of an are, taken as the 
measure of an an^le, is to the sine, subsine, tangent and secant of any 
other arc measunns the same angiomas the radius of the first arc is to 
the radius of the other. 

Oiveti the arcs AC and MN, as measures of the angle ^ — "ss^A 
ABC ; and let CD be the sine, DA the subsine, AEtiie 
tangent, and BE the secant, of the arc AC. Also, let NO 
be the sine, OM the subsine, MP the tangent, and BP the 
secant, of the arc MN. The first lines are to the second, 
each to each, as the radius BC is to the radius BN. \o 

• The terms eubsine and tfibt«n$e are more convenient than vereed 
4SJK and hypotkenuee* 
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Cor. If munerioaL taUes of ones, RdMrnest tangenta and weanta, 
of eeirtem. angles to a given radium, be coaatraotea, they will show 
die ratios of the sines, &c., of the same .angles to any radius what* 
ever. Such are called Trigonometrical Tablesi in which the ra- 
dius is represented as some term of the deriimal series, 1, 10, 100, 
1000, &c. 




Propo$itions» 

1. Th. In a nght<4ingled triangle, the subtense of the 
right angle is to either side, as radius is to the sine of the 
angle opposite to that side ; and eidier of the sides is to the 
other, as radius is to the tangent of the angle opposite 
that other. 

Given the triangle ABC, right angled at A ; the 
■abtense BC, and the sides CA, AB. 

From the centre C, with any radius CD, de- 
scribe the arc DE r draw DF at right sngles to 
CE, and EG parallei to it, touching the aro.in E, 
and meeting CB in G. 

Then IDF is the sfaie, EG the tangent, and CO 
the secant of the angle C, or of the arc DE. 

The three triangles DFC, G^EC, BAC, are equiangular-; because 
the angles at F, E, A are righl angles ; and the angle C is common to 
flU. Therefore, 

^ CB : BA : : CD : DF;— but CD is the radios, and DF is the snio 
of the angle C (def 5, trig.); 

Therefore CB : BA : : B : sine of the angle C. 

2. CA ! AB : : CE : EG;— but CE is the radius, and EG is the tan- 
gent of the angle C (def. 6, trig.); 

Therefore CA : AB : : R : tangent of the angle C. 
Wherefore in a rig^t angled triangle, &c. Q. £« D* 

Cor. 1. B^dius is to the secant as' the sid^ adjacent to the aa^ C 
18 to the subtense. For CD, or CE : CG : : CA : CB. 

Cor. 2. Let Badins =sl; then the preoedhig analogies are as 
ibUows: 

Sine of the angle C=BA divided by CB. 
Tangent of the angle C=AB divided by AC. 
Secant of the angle Ca=CB divided by AC. 

Cor. 3. If, in the triangle ABC, a perpen- 
dicidar be drawn to the base BC ; ften (mak- 
ing AD radius), 

AD : DC : ; R : tan. CAD, 
and AD : DB : : R : tan. BAD. 

Cor. 4. Since, in a right angled triangle, the ( 
two acute angles are equid to the right angle, 
one of them is the comfdement of tbeother (det 3 trigOy^aAVW^a^u^y 
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posMon in a propoirtioD, wHeh the rine, tangent, or fleoanc of one of 
mm ttkeBf may be grren to tlie ooame, ootaagent, or eoaecaal; of tbe 
other. 



2 Th. The sides of a plane triangle are to each other 
as the sines of the angles opposite to them. 

Xn right angled triangles this prapoaitba iaobyjoos : 
for if tSe Mdbtente be made ramoa, the aidea are the 
ainea of their op^aite an^Iea ; and the mdiiu ia the 
aine of 90®, that ia, of a right on^e (a). 

Bnt in any obliqae angled tnangle, aa ABC, any 
two aidea, AC, BC, will luve to each other the ratio 
of the ainea of ABC, BAC, which are oppoaite to 
them. 

From the anglea A, B, draw AD, BE, perpendiciilar to BC, AC, 
produced if reqoired : then, if AB be made radioa, AD will beeome 
the aine of the angle B ; and BE will become the ainft of the angle A« 

Since the trianglea CDA, CEB, bare right anglea at D, £, and the 
ai^le C common, they are equiangular (ft) ; therefore AC : AD : : 
BC : BE, and alternately AC : BC : : AD : BE (e) : that ia^ the aides 
are aa the ainea of the anelea opposite to them. 

Wherefore, the aidea of a plane triangle, &c. Q. E. D. 

Recite (a) det 5, P. T. (ft) p. 32, 1, and p. 4, 6 ; (c) p. 16, 5. 

Cor. Of two aidea and two anglea opj^aito to them, in a pkme tri- 
angle, any three being ^ven, the fourth la also giyea. 



Lemma S. Of two unequal magnitudes, the greater 
equals half their sum more half their difference, the less 
equals half their sum less half their di^rence. 

(jlwen two magnitndea AB, BC, of . C- n a r« 
which AB ia the greater. E-— tL- S ? 

And amce AC^AB-f-BC, the aam; make A£l=sBC: &erefore 
AB — AE^EB, the difference of the two magnitudea. Biaept AC ia 
D: then amce AD=CD, and AE=t:CB; taking theae equala from the 
former, lhe remainders ED, BD are equal ; and EB, the diffm^nce ia 
olao biaected in D. It ia therefore evident that ABsAD-fDB, and 
BC=AD->DB ; that ia, tbe greater equate half the sum + half the 
difference, and the leas equab half the aum •— half the differenoei^ as 
atated. 

Ol^ierwiae : let a repreaent the aam, and'd die difiereniDe. 

AB4-BC=8, and AB--BC=:d. 

2AB=:fl-|-d, by addition; and AB=i(B-fd) ; 

2BCs=»— d, by aubtraction; and BC-«i(a— d); 

B«t |[(s44)»i4 s+l d; and H"-^'"''! •^ d. 
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>S Tb.^ The sum of the sines of any two arcs of a 
circle, is to the difference of their sin^s, as the tangent of 
half the sum of the arcs is to the tatigent of half their 
difference. 

Let AB, AC be two arcs of a circle A6CD; 
E its centre ; AEG the diameter which passes 
through A: it is to be proved that, the sin. 
AC-f sin. A3 : sin. AC— «m. AB : : tan. KAC-j- 
AB): tan. i(AC—AB). 

Draw BF parallel to J^G^ meeting the circle 
in F ; draw the sines 6H, CL perpendicular to 
AE ; produce CL to D ; join BE, CE, CF, DE, 
DF. 

Since the perpendicular EL bisects CD and the axe CAD, DL equals 
CL, the sine of AC ; the arcs AC, AD are also equal; and KL eqnals 
BH, the sine of AB. Therefore. DK is the sum, and KC the differ- 
ence of the sines ; and DAB is the sum, and BC the difference of the 
ares. 

Now, in the triangle DFC, the perpendicular FK being made n^ 
dius, DK : KC : : tan. DFK : tan. CFK. 

But DK is the sum, and KC the difference of the sines : also DFK, 
CFK aro halves of the central angles DEB, CEB, which are measured 
by the arcs DAB, BC, the sum and difference of the arcs AC, AB. 

Therefore the sin. AC-{-Bin. AB : sin. AC— «n. AB : : tan. ii(AC-|» 
AB) : tan* 4(AC— AB). Q. E. D. 

4 Th. In any triangle, the sum of two sides is to their 
difference, as the tangent of half the sum of the angles 
at the base is to the tangent of half their difference. 

Given the triangle ABC, the side AB being 
greater than AC ; AB-f AC : AB — AC : : tan. 
KACB-f ABC) : tan. KACB— ABC). 

With A as centre, and radius AB, describe 
the circle BEDF, meetins AC produced in £, 
F, and BC in D. Join £B, BF, AD ; draw FG 
parallel to BC, meeting EB produced in G. 

Then, because of the equal radii, ECs AB-^- 
Ad, and CFs= AB— AC : and since EBF is an 
angle m a semicircle, FB is perpendionlar to EG ; therefore EB> BO 
are the tangents of the angles BF£, BFG, or DBF, the alternate. 

Moreover, the angles DBF, BFE are halves of the central angles 
DAF, EAB ; also the exterior EAB^^ ACB+ABC, and the exterior 
ACBi^CDA-^CAD: bat, because of the equal radii; ABD»ADB ; 
therefore CADr»ACB-<-ABC. Therefore EB is the tangent of half 
ACB-f ABC, and BG is the tangent of half ACB-^ABC. 

And because, in the triangle EFG, BC is drawn parallel to FG the 
base EC : CF : : EB : BG; that is, the sum of two sides is to their 
difterence, as the tangent of half the sum of the ans^les at the base is 
to the tangent of half their difference. * 

Therefore, in any triangle, &c. Q. £. D. 
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5 Th* The base of a triangle is to the sum of both the 
sides, as the difference of the sides is to the difference of 
the segments of the base, made by a perpendicular falling 
upon it from the vertex, or to the sum of the segments, when 
the base must be produced to meet the perpendicular. 

Oiven. the triangle ABC, and AD, 



a perpendicular arawn from A to 
BC: and let AC h 




be greater than 
AB. 

With A, as centre, and AC ra- 
dius, describe a circle, meeting AB 
produced, in E, F, and CB in G. 

Then, becaose the chords C6, 
"EFt in a circle, cat one another, the 

rectangles EBXBF, GBXBC are equal (a); therefore BC : BF : : 
BE : BG. But BC is the base, BF*=AC-f AB, BE— AC^AB, and 
BG>=:CD— DB, or CD-f-DB, if the perpendicular &U on the base 
produced. 

Wherefore, the base, &c. Q. & D. 

Becite(a)p. 3;(ofb. 3. 

6 Th. In any triangle, the sum of two rectangles con- 
tained by the sides, is to the difference of the squaTes of 
those sides and the square of the base, as radius is to the 
cosine of the angle included by the two sides. 

Given tihe triangle ABC; in which 
AC is the base, and AB, BC the sides: 
let AB be the ladius ; 
then, 2ABXBC : AB'+BC*— AC»: : B: 
COS. B. 

Draw AP perpetodicular to BC ; then 
5JBCXBDc=ABH-BC«— AC« (o). 

BtttBCXBA-.BCXBD-.-.BAtBDO; B 
t : B : COS. B (c); therefore, also 
SBCXBA : 2BCXBD : : R : cos. B (ft). 

Now 2BCXBD is the difference between AB«-f BC« and AGs. 

Therefore 2ABXBC : ABa-f-BC*— AC? : : R : cos. B. 

Bedte (a) p. 12, 13 of b, 2; (J) p. 15, 5; (c)oor. 4, p. 1, P. T. 
Cor. Let radius ss 1. Then, since 

BA : BD : : R : cos. B, BD— BAXcos. B (a); and 2BCXBAX 
066. B—2BCXBD (6); therefore when B is acute, SBCXBAXcoa. 
B— BC«-hBA«— AC« (e). Add to both AC«, then AC«4-2BCXBAX 
cos. Bs— BC»-f BA*. Take from both 2BCXBAXcos. B ; then 
AC««BC«-f BA«— 2BCXBAXCOS. B. 
Wherefore. AC-Bt/CBC*4-BA«— SBCXBAXcos. B) ; and the same 
result will appear by a simikir process when the angle B is obtuse (c), 

Becite (a) p. 16, 6 ; (6) p. 16, 6, and 15, 6 ; (c) p. 13, 12, of b 2. 
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7 Th. If the base of a triangle be both increased and 
diminished by the difference of the two sides ; four rect- 
angles of the sides is to the rectangle of this sum and 
difibrence, as the square of the radius is to the square of 
the sine of half the angle contained by the sides. 

In the triangle ABC, let AB be gi«ator 
&an AC, Bod make AD equal to AB ; join 
BD, and draw AE, CF perpendicolar to 
it ; with C, as centre, and CD radius, de- 
scribe the semicircle ODH, cuttine BD 
in K, BC in 6, and meeting BC produced 
inH. 

Because of the equal radii, BH==BC increased, and BG^^BC diniiii> 
ished, by the difTerence of AB, AC. And since ABt> is isosceles, 
and CF drawn from the centre, BD and KD are bisected in E, F. 
Wherefore DE—DF«EF; KBD~DK)— iBK. Wherefore D&- 
DF=.-i(BD— DK). And because in the triangle DAE, CF is drawn 
parallel to the base, AC : AD : : EF : FD (2, 6) ; and rectangles of 
the same altitude being as their bases, ACX AD : AD» : : EFX ED : 
ED«n, 6); therefore 4ACXAD : AD» : : 4EFxED i ED«, or alter- 
nately, 4ACXAD : 4EFXED : : AD« : ED*. 

But since 4EF«3BK, 4EFXED=2BKXED, or SEDxBK— BDX 
BK, or BHXBG (cor. 36, 3) ; therefore 4ACXAD : BHXBG : : AD« : 
ED»* Now AD : ED ; I B : sin. EAC^sin. 4BAC (p. 1); therefore 
AD3 : ED« : : R3 ; (sin. |BAC)«. Therefore (11, 5), 4ACXAD : BH 
XBG : : B^ : (sin. iBAC)«. But 4ACx AD are 4 rectangles of tiie 
sides, and BHxBG is the rectangle of the base increased and dimin- 
ished by the difference of the sides. 

Wherefore, if the base, &c. Q. E. D. 

Cor. 2i/ACxAD : i/BGxBH ;^: R : sin. JBAC. 



8 Th. Four rectangles of two sides of a triangle is to 
the rectangle of the whole perimeter and the excess of the 
two sides above the base, as the square of radius is to the 
square of tiie cosine of half the angle contained by those 
sides. 

Given the triangle ABC, of which BC is the base, 
and AB greater than AC. 

With C, as centre, and radius CB, describe the 
circle BLM, meetipg AC produeed, in L, M ; mrodnce 
AL, so that AN= AB ; let AD»AB ; join BD, BN ; 
draw CO perpendicular to BN, and AE to BD. 

Now MN=AB-|-AC-fCB, the perimeter; and 
LNa« AB-f-AC — BC, the excess of the two sides above 
the base : and because BD is biseeted in E, and DN in A, AE is pai> 
allel to BN, and perpendicular to BD ; and the triangles DNB, DAE 
are equiangular. Wherefore, since DN*«2AD, BN>i*>2A£, and BPim 
eB0«>2B£, alK>FN«-2AB. 
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But srnee ibe trisnglM AMC, AED are eqoiangtil&r, AC : AD : : 
AR : AE ; and since rectangles of the same altitude are as their bases 
(1, 6) ACX AD ! AD2 : : ARx AE : AE« ; and alternately, ACX AD : 
ARXAE:: AD3: AE«. 

Moreover, 4ABX AE— 2ABx2AE««NPxNB»-NMxNL. There- 
fore, 4ACXAD : MNXNL : : AD« : AE«j but AD : AE : : R : oos, 
DAE— COS. 4BAC: therefore 4ACXAD : MNxNL : : Ra : (cos. 
ftBAC)>; and AD— AB, and MNyNL— the excess of the two sides 
above the base. 

Wherefore, four rectangle^ & Q. E. D. 



9 Th. In any triangle, the le6s of twa given sides is to 
the greater, as radius Is to the tangent of an angle greater 
than half a right angle ; alw, radius is to the tangent of 
this excess, as the sum is to the difFerence of the sides ; 
which sum and difference have the ratio of the tangent of 
half the sum to that of half the difference of the angles 
at the base. 

' I . In the triangle ABC, where AB is less than AC, 
AB : AC : : R : tangent of an angle exceeding 
half a right angle. Draw AD at right angles to q 
B A., and make it equal to AC : join BD. If then ^ 
BA be made radius, AD is the tangent of the an- 
gle ABD (a) ; which is the greater of the two 
acute angles, in the triangle ABD, and therefore 
exceeds half a right angle (6). 

2. Radius is to the tangent of the excess just mentioned, as the 
sum is to the difference of the sides AB, AC. Produce DA to E; 
make AE, AF eadi equal to A9; join BE, and parallel to it draw 
D6 ; through the point F join BG. 

Then, because of the right angles at A, and that AF«=AB, ABG is 
half a right angle ; and DBG is the excess of ABD over that half. 
And bedause of the parallels DG, BE (c), and that EBG is a right an- 
gle, the alternate angle BGD is also a nght angle. Then, if BG be 
made radius, DG is the tangent of the angle DBG, which is the ex- 
cess, &c. Also, since G is a right angle, and the verticals at F are 
halves, the sides GF and GD are equal : moreover, ED is the sum and 
DF is the difference of AB, AC, Then, in the similar triangles FBE, 
FGD, FB : FE : : FG : FD, and alternately, FB : FG: : FE : FD; 
also, jointly BG : GF, or GD : : ED : DF; therefore, radiiis is to the 
tangent, &e., as stated. 

' 3. Which sum and difference hare the ratio of &e tangent of half 
the sum to that of half the difference of the angles at the base. This 
. is demonstrated in prop. 4. 

Wherefore, in any triangle, &c. Q. E. D. 

Recite {a) def. 6, P. T. ; (b) P. 18, 1, and def. 3, P. T.; (c) p. 2, b. 6. 
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10 Th. If from half the perimeter of any triangle the 
base be taken^ and also eaoh of the sides : the rectangle 
of the half and its excess above the base, is to the rectan- 
gle of the other two excesses, as the square of the radiu 
is to the square of the tangent.of half the angle contained 
by the sides. 

Giyen. the triangle ABC : bisect its angles 
at A and B, by me straight lines AG, BG ; 
produce AG, AB, AC ; bisect the exterior an- 
gles at B and C by the lines BK, CK ; draw 
the perpendicnlart GD, GE, 6F, which axe 
eqtuu radii of the inscribed circle ; draw also 
the perpendiculars KH, KM, KL ; which are 
equal, because of the similar triangles. 

Because the triangles AHK, ALK, are equi- 
angular, and have AK common, AH is equal to AL ; for the i 

reason BD is equal to BF, AD to AE, CE to CF, CM to CL, BH to 
BM. 

And, because AD+BF-fCE=AE-|-CF-|-BD«AE-|-CEH-CM, la- 
king away the parts shown to be equal, the remainders BF»BDs« 
CM, ax. a. Therefore AH-|-A!L»= perimeter, and AH=| p. BC 
therefore equals HD, and AC equals BD ; and the excess of i p. oter 
BC==AD, over AB^HB, over AC=BD. 

Hence the hypothesis is AHXAD : BHXBD ; : B' : (T4BAC)« 

Again, because the triangles BDG, KHB are similar, GD : BD : s 
BH : HK. Therefore GDXHK«^DXBH. But since AH : HK : : 
AD : DG. Therefore AHXAD : HKXDG : : ADXAD : DGXDG 
(p. 22 <rfb. 6); or AHXAD : BDXBH : : ADXAD: DGXDG. 
Now, if AD be made radios, DG will be the tangent of h^ the tegle 
BACn 

Wherefore, if from hali^ Ste* Q. E. D. 



QUADRATURE OF THE CIRCLE. 



DefadtUm. 

k ocmvex line is any arc of a circle, or any polygonal line^Wch 
hu no re-entrant angles, or inward iuflectiona; and which a atraignt 
line cannot col in more than two points. 

Lemma. Any curve, or polygonal line, which passes 
round a convex line, from end to end, is longer than the 
convex line. 

Lot AMB be a convex line, enveloped from A to 
B, by the polygonal line APMQB: tbe distance 
from A or B to M, through F or Q, is longer than 
tiie part of the convex line from A or B to M ; be- 
cause every point of the convex line, from A to M, 
or from B to M, would fall within the triangle APM, 
or BQM, if the points M, P, A— M, Q, B, were join- 
ed by straight haes (a). 

In like manner, it may be proved that tbe distance 
from P to Q, through CDE, is longer than the strikight line FQ. 

Therefore, any curve, or plolygonal line, which passes round, &c. 

Recite (a) p. 21 of b. 1. Q £. D. 

Cor. 1. Hence the perimeter of anj polygon inscribed in a cirolo 
is less than the circum&rence of the circle. 

Cor. 2. And the perimeter of any polvgon described about a cir- 
ole exceeds the circiunference of the circle. 




1 Th. If from the greater of two unequal magnitudes 
its half be taken; and from the remainder its half; and 
so on ; there will remain at length, a magnitude less than 
the less of the two given magnitudes. 

Let AB and C be two unequal magnitudes; of 
which AB is the greater : take DE a multiple of C, 
which is greater than AB; divide DE into parts 
DF, FG, GE, each equal to C. From AB take its 
half BH ; and from the remainder take its half 
HK ; until AB be divided into as many parts as DE. 

Then since DE is greater than AB ; and EG is 
not greater than the half of DE, but BH is the half 
of AB, the remainder DG is greater than the re- 
mainder AH. Again, since GF is not greater than 
the half c^ DG, but HK is the half of AH, the re- 
mainder DF is greater than the remainder AK. 



H 



B C 
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Now DF is equal to C, the less of the two giren magmtades. There- 
ibre, AK, the part left of the grei|ter, is less than C. Q. £. D. 



2 Th. Equilateral polygons of the same number of 
sides, inscribed in circles, are similar, and are to one 
another as the squares of the diameters of the circles^ 

Let ABCDEF and GHIKLM, 
be two equilateral pol^eons of 
the same number of sides, in- 
scribed in the circles ABD,GHK: ^^ 
these two polygons are similar, 
and are to one another as the 
sqiiares of the diameters AD, 

From the centres N, O, draw NB, OH. And because the sides 
of each polygon are all equal to <me another, the arcs which they 
subt^id m each polygon are also equal (p. 23 of b. 3) ; and the num- 
ber of them in one circle is eqnd to the number of them in ^ the 
other ; therefore, whatever part any arc, AB, is of the circumfer 
ence ABD, the same part is the arc 6H, of the circumference GHK 

But the angle ANB is the same part of four right angles, that the 
arc AB is of the circumference ABD (p. 33 of b. 6) ; and ^e angle 
GOH is the same part of four right angles, that the arc GH is of m» 
circumference GHK (p. 33 of b. 6): therefore, the angles ANB, 
GOH, are each of them the same part of four right angles, and are 
therefore equal to one another. The isosceles triangles, ANB, GOH. 
are therefore equiangular, and the angle ABN equals the angl« 
GHO. In the same manner, by joining NC, 01, it may be proved, 
that the angles NBC, OHI, are ecmal to on&vnother, and to the angle 
ABN. Therefore, the whole an^e ABC is equal to the whole GHI; 
and the same may be proved of the angles BCD, HIK ; and so <tf the 
rest. 

The polygons, ABCDEF and GHIKLM, are thereford equiangular 
to one another ; and since they are equilateral, the sides about ihe 
equal angles are proportionals: these two pc^ygons are therefore 
similar to one another (def. 1 of b. 6.) And because similar pofygona 
are as the squares of their homologous sides, the polygon ABCDEF 
is to the polygon GHIKLM, as the square of AB to the square of 
GH: but because the triangles ANB, GOH are equiangular, the 
squares of AB, GH, are as the squares of AN, GO (p. 4 of b. 6); or 
as four times the square of AN to four times die square of GO (p. 15 
of b. 5) ; that is, as the square of AD to the square of GK (cor. 2, 

, 8, 2). Therefore also, the polygon ABCDEF is to the polygon 

HIKLM, as the square of AD to me square of GK: and they have 
been shown to be similar. 

Cor. Every equilateral polygon inscribed in a circle is also equian- 
gular: for the isosceles triangles which have their common vertex in 
tiio centre) are all equal and similar ; therefore, the angles at their 
bases are all equal, and the angles of tile polygons are therefore ako 
equ^. 



& 
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8 P. The side <^ any equilateral polygon inscribed in 
a circle being given, to find the side of a polygon of the 
same number of sides described about the circle. 

Let ABCDEF be an ejciiulateral p(>- 
lygon inscribed in the circle ABD ; it 
ifl required to find the tide of an equi- 
lateral polygon of a« many n^es de- 
scribed about the circle. 

Find G the centre of the circle; 
join 6A, GB ; bisect the arc AB in 
H ; and throash H draw LK touching iC^ 
the circle, ana meetine GA, GB i>io- 
duced in K and L ; &L is die aide 
of the polygon required. 

Produce GF to N, so that GN may 
be equal to GL ; Join KN, and from 6 
draw GM at right angles to KN, join 
aboHG. 

Because the arc AB is bisected in H, the angiea AGH, BGH are 
•qual (p. 27 of b. 3); and because KL touches the circle in H, the 
angles GHL, GHK are right angles (p. 18 of b. 3); therefore, the 
trian^^les HGK, HGL, have two angles in the one equal to two an- 
gles m the other, and the side GH is common to both ; therefore they 
are equal (p. 26 of b. 1), and GL is equal to GK. 

Again, in the triaqgles KGL, KGN, beoanse GN is equal to GL, and 
GK common, and also the angles KGL, KGN equal ; therefore the 
bases KL and KN are equal (p. 4 of b. 1). But because the triangle 
KGN is isosceles, the an^es GKN and GNK are equal ; and the an- 
gles GMK, GMN were made right angles; wherefore llie trianslefl 
GMK, GMN have two angles in the one eoual to two in the other, 
and the side GM is common to both; tfaerelbre they are equal (p. 26 
of b. 1), and KN is bisected m M. But KN is equal to KL, there- 
lore their hidves KM, KH are also equal. Wherefore, in the triangles 
GKH, GKM, the two sides GK and KH are equal to the two GK and 
KM, each to each ; the angles GKH, GKM are also equal ; therefore 
OM is equal to GH (p. 4 of b. 1). Wherefore Ifae pcnnt M is in the 
eircumfer^iioe of the circle ; and because KM0 is a right angle, KM 
touches the circle. Therefore KL is the side of an ec[uilateral poly- 
gon described about flie circle, of as many sides as the mscribed poly- 
gon ABCDEF. 

Cor. 1. Because of the equal straight lines GL, GK, GN, if a 
circle be described from the centre G, through the points L, K, N, 
tbe polygon will be inscribed in that circle ; and be similar to tho 
polygon ABCDEF. 

Cor. 2. The sides of the> inscribed and described polygons, have 
to each other the ratio of the perpendiculars let fall from G upon AB 
and LK. Therefore because ma^utudes hare the ratio of their equi- 
mi^tii^es (p. .15 of b. 6), the perimeters which are equimultiples 
•of the sides of the polygons, are to eaeh other as the perpendicaiar 
Irom thecentrs upon a side of the inscribed polygon is to the radius 
of the circle. 
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4 Th. A cirde being given, two similar polygons may 
be found, the one inscribed in the circle, the other de- 
scribed about it, whose difierence shall be less than any 
given space. 

Let ABC be the given circle, and 
the square D' any given space ; a po- 
lygon may be inscribed in the circle . 
ABC, and a similar one deiscribed H^ 
about it, whose difference shall be. 
less than the square of D. 

In the circle ABC, apply the 
straight, line AE, equal to D, and let 
AB be a quadrant. From AB take 
its^ half, from the residue, its half, and so on, until the arc A^, be 
less than the arc AE (p. 1 of this). Find the centre O, draw the di- 
ameter AC, as also the straight lines AF, FG : bisecting the arc AF in 
K, join KG ; and draw HL touching the circle in K, a^ meeting GA, 
GF produced in H and L : join CF. 

Because the isosceles triangles HGL, AGFJiave the ccnnmon angle 
AGF, tbiey are equiangular (p. 6 of b. 6) ; therefore the angles, GHK, 
GAF are equal ; out the angles GKH, CFA are also equal as right 
angles ; therefore the triangles HGK, ACF, are tikewise equiangular. 
(p. 32ofb. 1). 

And because the arc AF was found by taking from the arc AB its 
half, and from the residue its half, and so on; AF will be -found a cer- 
tain number of times exactly in AB, and therefore also in the whole 
circumference ABC AF is tnerefore the side of an equilateral polygon 
inscribed in the circle ABC. Wherefore also, HL is the side of an 
equilateral polygon of the same number df sides described about the 
circle ABC (p. 3 of this). 

Let the polygon described be called M, and the polygon inscribed 
be called N ; and because they are similar, they are as the squares of 
the homologous sides HL and AF, (p. 20 of b. 6), that is (because the 
triangles HLG, AFG, are similar), as the square of KG to the square 
of AG, or its equal GK. But the triangles HGK, ACF were phown 
to be similar, and therefore the square of AC is to the square of CF, 
as the polygon M to the polygon N ; and, by conversion, the square 
of AC IS to Its excess above the s<^uare of CF, viz. the square of AF 
(p. 47 of b. 1), as the polygon M is to its excess above the polygon 
N. But the square of AC, which is about the circle ABC, is greater 
than the regular octagon which is about the same circle ; because the 
square envelopes the octagon (Lemma) ; and for the asane reason, 
the polygon of eight sides is ^eater &an one of sixteen, and so on : 
therefore the square of AC is greater than any polygon described 
about the circle by the continual bisecUon of the arc ABC : it is there- 
fore greater than the polygon M. 

Now, it has been aemonstnited, that the square of AC is to the 
square of AF, as the polygon M to the difference of the polygons ; 
therefore, ^ce the s(][uare of AC is greater than M, the square of AP 
is greater than the difference of the polygons, (p. 14 of b. 5). The 
di&rence <^ the polygons ia therefore less than the square of AF ; bat 
II* 



Af lA leas ttwi D; therefore, ibe cUflbrenoe of tbe polygmu w Ism 
than the square of D ; that is, than the given space. 

Cor. 1. BecaoM the poW^ffoos M and N differ from each other 
more than either of them rnners from die circle, the difference be- 
tween each (^ them and the circle is leas than the space given, the 
sqnare oi D. Therefore, however small a given space may be, a 
polygon may be inscribML in the circle, and another described abont 
It, each of which shall diSet from the circle by a space less than the 
given space. 

Cor 2. The spaee B, which is greater than any polygon that can 
be inscribed in the circle A, and less than any polygon that can be 
described abont it, is equal to the circle A. If not eqnal, let B ex- 
ceed the circle A, by tbe space C. Then, because the polygons de- 
scribed abont the circle A are all greater than D, by hypothesis ; -and 
becaose B is greater than A by the space C, therefcnre no polygon can 
be described abont the circle A, that does not e^cceed it by a space 
greater than C ; which is absurd. In the same manner, if B be less 
than A Y^ &e space C, it is shown that no polygon can be inscribed 
m the drcle A, diat is not less than A, by a space greater than C, 
which is also sbsard. Therefore A and B are not nneqnad ; ^t is, 
they are eqoal to one another. 

5 Th. The area of any circle is equal to the rectangle 
contained l^ the radius and a straigli^ line equal to half 
the circumference. 

Let ABC be a circle, of which the 
centre is D, and the diameter AC ; if 
in AC produced, there be taken AH 
equal to half the circumference, the ^^^ 
area ol the circle is equal to ^e rect- E^A 
angle contained by DA and AH. 

Let AB be the side of any equi- 
lateral polygon inscribed in the circle 
ABC ; bisect the arc AB in G, and through 6 draw £F touching the 
circle, and meeting DA produced in E, and DB produced in F, EF 
will be the side of an equiUteral polygon described about the circle 
ABC (p. 3 of this). In AC produced take AK e<mal to half the pe- 
ximeter of the polyeon whose side is AB ; and AL equal to half the 
perimeter of the polygon whose side is EF. Then AK will be less, 
and AL ^eater than the strakht line AH. (Iiemma of this). Now, 
because m the triangle EDF, DG is dravim perpendicular to the base, 
the triangle EDF is equal to the rectangle of DG and the half of EF, 
(p. 41 of b. I), and as the same is true of all the triaxigles having their 
vertices in D, which make up the polygon described wout the circle ; 
therefore the whole polygon is equal to the rectangle contained by 
DG or DA imd AL (p. 1 of b. 2). But AL is greater than AH ; there- 
fore the rectangle DAXAL is greater than the rectangle DAXAH ; 
therefore the area of the cirde ABC is less than that m any polygon 
described about it. 

Again, the triangle ADB is equal to the josctangle contained by DM, 
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the parpe««£k»|]ar, vad half tbe faaie AB; and it is tliec«fbre less than 
,the rectaJEi^e caatained by DG or DA and the half of AB. And as 
the same is trae of all the other triangles having their vertices in D, 
which make up. the inacribed polygon ; therefore the whole of the 
inscribed polygon is less than the rectangle contained by DA and 
AK — half the perimeter of the polygon, ^ow the rectangle DA, 
AK is less than the rectangle DA, AH, and still less is the polygon 
whose side is AB* ' The rectan^e DA, AH is therefore greater than 
any polygon inscribed in the circle ABC : and the same rectangle has 
been proved to be less than any polygon described about the circle ; 
therefore thb rectangle of DA, the radius, and AH, half Uie circum- 
ference, is equal to the area of the circle ABC. (Cor. 2 p. 4 of Ihis,) 

Cor. 1. Because DA : AH : : DA« : DAXAH (p. 1 of b. 6) ; and 
that DAX AHsB area of the circle of which DA is the radius : there- 
fore, as the radius of any circle is to the semlKsiroomference ; or as 
the diameter to the circumference, so is Ihe square of the radius to 
the area of t^eircle. 

Cor. 2. Hence a polygon may be described about a circle, the 
perimeter of which shall exceed me circumference' of the oircle by m 
line that is Jess than any given line. Let NO be the nven line. 
Take m NO the part NP less than its half, and less thaa AD; and let 
a polygon be described about the circle ABC, so that its excess above 
^BC may be less than the square of NP (cor. 1, p. 4 of itds^ Let 
the side of this polygon be EF. And since, as above, the obde is 
equal to the reetanffle DA, AH, and the pol^rgon to the rectangle DA, 
AL, the excess of tbe polygon above mb circle is equal to t£e rect- 
angle DA, HL ; therefore the rectangle DA, HL is less than the s^fuare 
of NP,; and therefore, since DA is greater than NP, HL is less than 
NP, and twic^ HL less ;thaa twice NF, wherefore twice HL is still 
less than NO. But HL is the difference between half the perimeter 
of the polygon whose side b £F, and the. serai-circamferenpe of the 
circle ; thei^re twice HL is the diftereoce between the perimeter 
of the polygon and the circumference of the circle (p. 5 of b. 5); 
which IS therefore less than NO. 

Cor. 3. Hence also a polygon may be inscribed in a circle, such 
that the excess of the. circumference shove the perimeter of the poly- 
gon, may be less than any given line. This may be pnoved Vke the 
preceding. . 

6 Th. The areas of circles are in tbe duplicate ratio; 
or as the squares of their diameters. 

LetABDandGHL 
be two circle of 
which the diameters 
axe AD and GL ; the 
dvcte ABD is to the 
-eireie GHL as the 
square of AD to the 
square of GL. 

Let ABCDEF and '^ P ^"^ V "* 7 ^ 

GHKLMN be two 
.equilatanl polygons 




.zrx. 
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of the ssme number of sides inscribed in the circles ABD, QHL ; and 
let Q be such a space, that the square of AD is t6 the square of 6L 
as the circle ADD is to the space Q. 

Because the polygons ABCDEF and OHKLMN are eq^uilateral and 
of the same number of sides thej are similar (p. 2 of this), and their 
areas are as the squares of the duimetera of the circles in which they 
are inscribed. Therefore AD« : GL» : : polyjou ABCDEF : : polygon 
6HKLMN ;— but AD« : GL» : : circle ABD : Q. Now the circle 
ABD is greater than the polygon ABCDEF; therefore Q is greater 
than the polygon 6HKLMN (p. 14 of b. 5); that is, Qis greater than^ 
any polygon mscribed in the circle OHL. 

In the same manner 
it is demonstrated, that ^ ^ K y^s^ 

Q is less than any poly* jy Vk / I ^\^ 

son described about A^ ^ jJd t/ ' >. i 

tne circle 6HL ; 
wherefore the space Q 
is equal to the circle 
GHL (cor. 2, p. 4 of 
this). 



Now, by the hypo- fsr«=ni« 
* ' * ' ABD 




thesis, the circle . 

is to the space Q as the square of AD to the square of GL ; therefore 
the circle ABD is to the circle GHL, as the square of AD is to the 
square of GL. 

Cor. 1. Hence the circumferences of circles are to each otber as 
their diameters. 

Let the straight Hne X be equal to half the circumfei«nce of the 
circle ABD, ana the straight line Y be eoual to half the circumfe- 
rence of the circle GHL: and because tne rectangle AOXX and 
GPXY are equal to the circles ABD, GHL (p. 5 of this) ; therefore 
AOXX : GPXY : : AD« : GL«, and as AO* : GP^— and alternately, 
AOXX : AO* : : GPXY : GP*. Whence, because rectangles that 
have equal altitudes are as their bases (p. 1 of b. 6), X is to AO as Y 
is to GP, and alternately X : Y : : AO : GP. Wherefore, taking the 
doubles of each, the circumference ABD is to ihe circumference GHL, 
as the diameter AD to the diameter GL. 

Cor. 2. The circle that is upon the side of a triangle opposite the 
ri^ht angle, is equal to ibe two circles described upon the sides ooo- 
taming the lighl angle. 

For the circle described upon SB is to the circle described upon 
B T as the square of SB to the square of BT : and the circle described 
upon T3 is to the circle described upon BT, as the square of ST to 
the square of BT. 

Wherefore, the circle? described upon SB and on ST are to the 
circle described on BT, as the squares of SB and of ST to the square 
of RT (p. 24 of b. 5). Bat the squares of BS and ST are equal to 
the square of BT (p. 47 of b. 1); tiierefore the circles deflcr&ed on 
BS aud ST are equal to the circle described on BT. 
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7 Th. Equiangular parallektgrains are to one another 
as the products of the numbers proportional to their sides* 

Dem. Because pBraD^offrams upon - Q e 

the game base, or apcm eqau bases, and 

between die same parallels, are equal 

to each other (a) ; therefore the parallel- 

ograms AC afnd DF may be reduced to 

equivalent rectangles, as AG and DH. ^^ 

Now AG is the product of ABXBG (b), ^ B 

and DH is the product of DEXEH. Moreover BG is to BC as £H 

is to EF (e) ; and alternately, BG : EH ; : BC : EF (d). Therefore 

AG : DH : : ABXBG : DEXEH; that is, AC : DF : : ABxBC : 

DEXEF. 




Wherefore, equiangular parallelograms, &c 



Q. E. D. 



Recite (a) p. 35, of b. 1 ; 
(c) p. 4 of b. 6 ; 



(d)def. 3ofb. 2; 
(«i)p. 16 of b. 5. 



8 Th. A perpendicular drawn from the centre of a 
circle to the chord of any arc, is a mean prqiortional be- 
tween half the radius and the straight line cmnposed of the 
radius and its excess above the sul»ine of the arc : and the 
chord of the arc is a mean proportional between the diam- 
eter and the siibsine. 

Let C be the centre of ihe circle ABD; 
let DB be any aro, and DBE twice the 
arc ; draw the chords DB, DE ; also CG 
aiid CF at right angles to DB,.DE; pro- 
duce CF to meet me eircmnferenoe m B 
and A $ bisect AC in H; join AD. BF u 
the subsine of the arc DB. (P. T. def. 10) 
Then AH : CG : : CG : AF; also, AB : 
BD : : BD : BF. 

ADB is a right aagle, being in a semi- 
circie ; and CGB is also a rifht angle : the 
triangles ADB, CGB, are there&re eoni- 

angular; and AB : AD : :.CB : CG (p. 4 of b. 6); or, alternately, 
AB : CB : : AD : CO. And beeaase AB is twice CB, AD is twice 
CG; and AD«=4CG». 

But because' of the perpendicular DF, from the right angle, on 
AB; therefore AB : AD : : AD : AF (p. 8 of b. 6). Hence ADfes 
ABXAF (p. 17 of b. 6>; or, smce AB«4AH, AD«— 4AHXAF— 
4CG«. Therefore CG«a=AHXAF, and CG^is thereibre a mean pro- 
portional between AH and AF ; that is, half the radius and the excess 
of the radius above the subsine BF. 

• Again, the chord BD is a mean proportional between the diame- 
ter and the subsme of the arc : for, (by p. 8 of b. 6,) AB : BD : : 
BD : BF. 
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9 Th. The circumference of a circle exceeds three 
times its diameter, by a line less than ten of the parts of 
which the diameter contains seventy ; but greater than'^ten 
of the parts of which the diameter contains seventy-one. 

Let C be the centre of the circle ABD, 
and AB itH diameter; the circumference 
exceeds three times AB by a Hue less than 
l0-70ths, or 1-7 th part of AB, bat greater 
thatt 10-7lBt parts of AB. 

Apply, in the circle, the chord BD, 
equal to the radius, or the side of an in- 
scribed hexagon (p. 15 of b. 4) ; draw 
DP perpendicular on BC, and produce it 
to £; draw CG at rigiit angles to DB; 
produce BC to A ; bisect AC in H, and 
join AD. 

The arcs BD, BE contain each l-6th, and DBE l-3i of the drcom- 
ference ; and (p. 8 of this) AH : CG : : CG : AF. Now, because the 
triangle BDC is equilateral, DF bisects BC in F. Therefore, if AC or 
BC = 1000, AH = 500, CF=500, and AF»1500; and as CG is a 
mean proportional between AH and AF, CG^»AHXAF»500X 
1500=7 50000. Wherefore, CG «i/750000 = 866.0254 +. Hence 
AC-f-CG=1866.0254-f-. 

Now, as CG is the perpendicular from C on the chord of l-6th of 
the circumference, if P be the perpendicular from C on the chord of 
l-12th of the circumference, P will be a mean proportional between 
AH and AC+CG; and P«=AHX( ACH-CG)=500X 1866.0254+ « 
933012.7-f . Wherefore P« 1/933012.7+ = 965.9258-f. Hence 
AC+P=*1965.9258+. 

Again, if Q be the perpendicular from C on the chord of l-24th 
of the circumference, Q will be a mean proportional between AH 
and AC + P; and Q« = AHX (AC + P)= 500 X 1965.9258 + « 
982962.9, Wherefore Q » i/982962.9 » 991.4449 +. Hence AC 
+Q==1991.4449+. 

Likewise, if S be the perpendicular from C on. the chord of 
l-48th of the circumference, S will be a mean proportional between 
AH and AC+Q; and S«=AHX (AC+Q)= 500 X 1991.4449 + = 
995722.45+. Wherefore S=i/995722.45+«997.8589+. Hence 
AC+S=-=1997.8589+. 

Lastly, if T be the perpendicular from C on the chord of l-96th of 
the circumference, T will be a mean proportional between AH and 
AC+S; and T*=AHX(AC+S)=500X1997.8589+=998929.45+. 
Wherefore T=i/998929.45+=999.46458+. 

Thus, the perpendicular from the centre on the chord of l-96th part 
of the circumference, exceeds 999.46458 of those parts of which the 
radius contains 1000. 

But (p. 8 of this), the chord of l-96th part of the circumference is 
a mean proportional between the diameter and the exeess of the ra- 
dius above the perpendiculcu: from C on the chord of l-48th part of 
the circumference. 
, Therefore the square ot die chord of l-96th part=ABX(AC— S)= 
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2000X(1000— 997.85«9+)=:2000X2.141t— =4282.2--andthechord 
itself =i/4282;2— =65.4386— ; which Ib the side of a regular poly- 
gon of 96 sides, inscribed in the circle ; and the perimeter ol toe 
polygon is equal to 96X65.4386-r-»0282.1056 — . 

Iiet the perimeter of the circumscribed polygon oi 96 sides be M, 
then T J AC : : 6282.1056— : M ; that is (since T— 999.4645«4-, a» 
already shown), 999.46458-f : 1000 : : 6282.1056— : M ; if theli N be 
such that 999.46458 : 1000 : : 6282.1056— :fi} ex amto peHurbato 
999.46458+ : 999.46458 : : N : M ; and since the first is greater than 
the second, the third is greater than the fourth, or N is greater than M. 

r<fow, if a fourth proportional be £bund to 999.46458, 1000 and 
6282.1056, viz. 6285.461—, then because 

999.46458 : 1000 : : 6282.1056 : 6265.461—, and as before, 
999.46458 : 1000 : : 6282.1056— : N; therefore 
6282.1056 : 628?.1056— : : 6285.461— : N; 

and as the first of these .proportionals is greater than the second, th«_ 
third is greater than the tourdi, viz. 6285.461 — is greater than N. But' 
N was shown to be greater than M ; therefore 6285.461 is still greater 
than M, the jperimeter of a polvgon of 96 sides described about the 
circle; that is, the perimeter ot that polygon is less than 6285.461 ; 
but the circumference of the circle is less than the perimeter of the 
polygon, and still less than 6285.461. Wherefore the blrcumference 
of a circle is less than 6285.461 of those parts of which tbM» radiu» 
contiuns 1000. 

The diameter, therefore, has to the circumference a less ratio (p. 8 
of b. 5), than 2000 has to 6285.461, or than 1000 has to 3142.7305 : 
but the ratio of 7 to 22 is greater than the ratio of 1000 to 3142.7305 : 
therefore the diameter has a less ratio to the circumference than 7 
has to 22 ; or the circumference is less than: 22 of the parts of which 
the diameter contains 7. 

The circumference exceeds 3 and 10-7 1st parts of the diameter. 

It has be^n proved {p. 8 of this), that the per- 
pendicular from the centre on the chord of an 
arc, is a mean preportional between half the 
radius and the sum . of the radius and a per- 
pendicular from the centre on the chord of 
twice the are. 

CG, P, Q, S and T were used, in thi* order, 
as perpendiculars on the chords of l-6th, l-12th, 
l-24th, l-48th and l-96th part of the circumTerence. 

CG*, was made equal to AHXAF«=500X1500=*750000, and CO— 
866.0254.5— ; therefore AC-|-CG= 1866.02545—. 

ps. was made equal to AHX(AC+CG)rs500X1866.02545-— , and 
P=«965.92585— : therefore ACH-P« 1965 .92585—. 

Q«, was made equal to AHX(AC-fP)«500X 1965.92585—, and 
Q=991.44495— : therefore AC-fQ=?1991.44495— . 

S.« was made equal to AHX(AC-f-Q)«500X 1991,44495—, and S 
=«997.85895— : therefore ACH-8«1997.85895. 

It is also proved (p. 8 of this), that the chord of the arc is a mean 
proportional between the diameter and the excess of the radius above 
the perpendicular! therefore (the chord of 1-96«=ABX(AC — S)=a 
2000X2.14105+«4282.1+, and the chord =65. 4377+. Now thia 
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dMwd u tbe ndoof an lAscribed polygon of 96 ddflt, the perimetar 
of whioh ia 96X65.4377-h»6282.0194-. But the ciz«amferenec of 
the oircle exceeds, the perimeter of the inacribed polygon ; ^erefore 
the circamference exceeds 6282.0194- of .those parts of which the 
ndiot contains 1000 ; or 3141.0095 of those parts of which the radius 
contains 500, or the diameter contains 1000. Now 1000 has a greater 
fatio to 8141.0095 than 1 has to 3 10-71st parta; that is, the excess of 
the circnmieience above three times the diameter is greater than 10 
of those parts of which the diameter containa 71* 

Cor. 1. Hence the diameter of a circle being givmi, the circum 
ference may be found nearly, by making as 7 to 22, so the given 
diameter to a fourth proportional, which shaXL be greater than the cir- 
cumference. And, ff as 1 to 3 10-71, or 71 to 223, so the given di- 
ameter to a fourth proportiona], this will be nearly equal to the cir- 
cumference, but win be less than it. 

Cor. 2. Because the difference between 1-7 th and 10-7 Ist is 
l-497tb, therefore the lines Ibund by these proportionals differ by 
l-497tb of the diameter; therofore the difference of either of them from 
the circumference muAt be less than the 497th part of the diameter. 

Cor. 3. As 7 to 22 BO the square of the radius to the area of the 
circle nearly. 
^ For it has been shown (cor. 1 p. 5 of this), that the diameter of a 
circle is to its circumference as me square of the radius to the area 
of the circle ; but the diameter is to the circumference nearly as 7 to 
22, therefore the squue of the radius is to tbe area of the circle 
nearly in that same ratio. 



N« B. In the preceding calculations, for .461^read .47-4-. 
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THE INTERSECTION OP PLANES! 

Definitions, 

1. A straight line is perpendicular to a plane wben it matkw right 
angles with every straight line it meets in the plane. 

§. A^ plane is perpendicular to a plane, when the straight lines 
dmwn in one of the plants at right angles to their common section are 
peipendicular to the other plane. 

3. The declination of a straight line from a plane is the acute angle 
of a right angled triangle opposite to the side perpendicular to tbe 
plane. 

4. The declination of two intersecting planes is the angle made by 
two straight lines, one in each plane, wmch meet in the line of section, 
at right angles to that line. 

' 5. Two planes have a declination equal to that (Mother two, whtin 
the angles of declination are equal. 

6. A straight line is parallel to a plane, when it does not meet the 
plane, however produced. 

7. JPlanes are parallel to each other, which do not meet, however 
&r produced. 

8 A solid angle is made by the meeting of more than two plane 
angles in the same point 

Propositions. 

1 Th. One part of a straight line cannot be in a plane 
and another part above it* 

Recite Pos. 1 ; cor. def. 4, 1, 

2 Th. Any three straight lines which meet each other 
not in the same point, are ia one plane. 

Recite def. 7, 1 ; p. 1 of this. 

3 Th. If two planes cut one another, their common 
section is a straight line. 

Recite def. 7, 1. 

4 Th. If a straight line stand at right angles to each 
of two straight lines, at. their p^t of inteisecticm, it will 
also be at right angles to the plane ia which those straight 
lines are. 

Recite p 47 and 48 of b. 1 ; def. 1 of this. 

6 Th. If three straight lines meet in a point, and a 
straight line stand at right angles to each of them in that 
point, these three straight lii^es shall be in the same plane. 

Recite p. 3 and 4 of this. 
12 
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6 Th. Two straight lines, which are at right angles to 
the same plane are parallel to each other. 

Becite p. 47, 48 of b. 1; p. 3 and 5 of thU^ p. 28 of b. 1. 

7 Th. If two straight lines be parallel, and one of them 
at rig^t angles to a plane ; the other is also at right angles 
to the same plane. 

Becits p. 6 of this; ax. 11 of b. 1. 

8 Th. Two straight lines, which are, each of them, 
parallel to the same straight line, though not both in the 
same plane with it, are parallel to each other. 

Recite p. 4» 7» 6 of this. 

9 Th. If two straight lines, which mieet each other, be 
parallel to other two, though not in the same plane with 
the first two, the first two and the other two shall contain 
equal angles. 

Becite p. 33 and 8 of b. 1 ; p. 4, 7, and def. 1 of this. 

10 P. It is required to draw a straight line parallel to 
a plane. 

Becite p. 1% 11, 31 of b. 1 ; p. 8 of Ais. 

11 Th. From the same point in a plane there cannot 
be two straight lines at right angles to the plane, upon the 
same side of it. And there can be but one perpendicular 
to a plane from a point above it. 

Becite p. 3,6 of llus. 

12 Th. Planes to which the same straight line is per* 
pendicular, are parallel to each other. 

Becite def. 1 and 7 of this; p. 17 of b. I. 

13 Th. If two straight lines meeting one anothei^> be 
parallel to two straight lines which also meet oae another, 
but are not in the same plane with the first two, the plane 
which passes through the first two is parallel to the plane 
which passes through the others. ~ 

Beette p. 10, 8, 4, 12, and def. 1 of &is; p. 31, 2§ of b. 1. 

14 Th. If two parallel planes be cut by another plane, 
their lines of section with it are parallels. 

Becite Note def. 4 of b. 1. 

15 Th. If two parallel planes be cut by a third plane, 
they have the same declination from that plane. 

Becite p. 14, 4, 7, and def. 4 of this; p. 29 of b. 1. 
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16 Th. If two straight lines be cut by parallel planes^ 
they must be eut ia the same ratio. 

Becite p. 14 of thifl; p. 2 of b. 6; p. 11 of b. 5. 

17 Th. If a straight liae be at right angles to a plane, 
every plane which passes through that line is at right an- 
gles to the first mentioned plane. 

Recite def. 1, 2, and p. 7 of this ; p. 28 of b. 1. 

18 Th. If two planes cutting each other, be severally 
perpendicular to a third plane, their line of section is per- 
pendicular to the same plane. 

Bedte def. 2, 1, and p. 4 of this. 

19 P. Two Straight lines, not in the isame plane, being 
given in position, to draw a straight line perpendicular to 
them both.> 

Becite p. 10, 13 and its cor., and def. 1 of this. 

20 Th. If a solid angle be ocmtained by three plane 
angles, any two of those angles are greater than the third. 

Recite p. 23, 4, 20, 25 of b. 1. 

21 Th. The plane angles which contain any solid an- 
gle are together less than four right angles. 

Recite p. 20 of this p. 32 of b. 1. 



THE COMPARISON OF SOLIDS. 

Definitions. 

1. A solid is that which 1^ length/ breadth and thiokness. 

2'. Similar solid figures aire such as are contamed by the same nam 
ber of similar planes, similarly sitiiated, and declining equally ^m 
each other. 

3. A pyramid is a solid figure contained by planes that are consti* 
tated betwe,en a plane and a point above it, in which they meet. 

4t A prism is a solid figure contained by piano ^gures, of which 
two that are oppoote are equal, similar and parallel to each other; 
and the others are parallelognuns, 

5. A paraUelopiped is a solid figure contained by six quadrilaterBl 
figures, whereof every opposite two are parallel. 

6. A cube is a /nolid figure contained by six eqnalsqnakvs. > 

7. A sphere is a solid figure described by the tevolution of a oemi* 
oitcle i£bout a stationary diameter. 
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8. The axis of a sphere u Uie statioiiaiy strai^^t Hne about which 
the •emicircle rerolves. 

9. The centre of a sphere is the middle point of the axis. 

10. The diameter of a sphere is any straight line passing through 
the centre to the surface on either side. 

11. A eone is a solid figure described hy the revolotion of a right 
angled triangle about one of the sides containing the right an^e, 
which remains fixed. 

12. The axis of a cone is the stationary straight line about which 
the triangle revolves. 

13. The base of a cone is the cirole descr3>ed by the revolving side 
containing the right angle. 

14. A cylinder is a solid figure described by the revolution of a 
reotan^e about one of its sides, which is fixed. 

15. The axis of a cylinder is the stationary ode of the rectangle 
which revolves. 

16. The bases of a cylinder are the two opponte birdes described 
by the ends of the rectangle. 

17. Simibur cones and cylinders are those which have then: axes^ 
and the diameter of their bases proportionals. 

Propositions. 

1 Th. If two solids be contained by the same number 
of equal and similar planes, similarly situated ; and if the 
declination of any two contiguous planes in the one solid 
be the same with the declination of the two equal and sim- 
ilarly situated planes in the other, the two solids are equal 
and similar. 

Becite ax. 8 of b. 1. 

2 Th. If a solid be contained by six planes, two and 
two of which are parallel, the opposite planes are equal 
and similar parallelograms. 

Recite p. 14, 9, last article, and p. 4 of b. 1. 

3 Th. If a solid parallelepiped be cut by a plane par- 
allel to two of'its 0]^)osite planes, it will be divided into two 
solids which will be to one another as the bases. 

Becite p. 36, 1, and def. 1, 6; p. 2, 1 of this; p. 15 of hut art.,def 
5ofb. 5. 

4 Th. If a solid parallelepiped be cut by a plane pass- 
ing through the diagonals of two of the opposite planes, it 
will be cut into two equal prisms. 

Recite p. 8, 14, 15 last art., p. 34 of b. 1 ; p. 2, 1 pf this. 

5 Th. Solid parallelopipeds upon the same base, and 
of the same altitude, the insisting straight lines of which 
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are terminate'd in the same straight lines in the plane op« 
posite to the base, are equal to one another. 
Becite p. 34, 38, 36 of b. 1 ; p. 15 last art, p. 2, 1 of this. 

6 Th. Solid, paralklopipeds upon the same base, and 
of the same altitude, the insisting straight lines of which 
are not terminated in the same straight lines in the plane 
opposite to the base, are equal to one another. 

Recite def. 5 of this ; p. 5 of the last article. 

7 Th. Solid parallelopipeds, whieh are upon equal 
baseSj and of the same altitude, are equal to one another. 

Recite p. 11 last art., p. 14, 35 of b. 1; p. 7, 9 of b. 5; p. 3^ 5, 6 

of this. 

8 Th. Solid parallelopipeds which hav6 tiie siime alti- 
tude, are to each other as their bases. 

Recite p. 45 of b. 1 ; p. 7, 3, 4 of this; p. 4 of b. 5. 

9 Th. Solid parallelopipeds are to each other in the 
ratio composed of the ratios of the areas of their bases and 
of their altitudes^ 

Recite def 5, and p. 8, 7 of this; ddf. 10, and p. F, C of b. 5; p. 
44ofb. 1; p. X2, 1 ofb. 6, and eor. 2, p. 8 of this. 

10 Th. Solid parallelepipeds which have their bases 
and altitudes reciprocally proportional, are equal ; and 
parallelopipeds wiiich are equal, have their bases and alti- 
tudes reciprocally proportional. 

Recite p. 11, 9, iLod def. 10 ofb. 5 ; p. 9 of thii. 

11 Th. Similar solid parallelepipeds are to each other 
in the triplicate ratio of their homologous sides. 

Recite def. 2 of this; de£ 1, and p. 23 of b. 6; def. 9 ofb. 5. 

12 Th. If two triangular pyramids, which haYe ^ual 
bases and altitudes, be cut by planes that are parallel to 
the bases, and at equal distances from them, the sections 
are equal to each other. 

Recite p. 14, 9, 16 of the last art., p. 18, 1 ofb. 5 ; p. 22 ofb. 6. 

1^ Th. A series of prismus of the same altitude may be 
described about any pyramid, such that the sum of the 
prisms shall exceed the pyramid by a solid less than any 
given solid. 

Recite cor. 1, p. 12, def. 4, and cor. 1, p. 8 of this. 
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14 Th. Pyramids that have equal bases aod altitudes 
are equal to one another. 

Becite p. 13, 12, and eor. 1, p. 8 of thiB. 

15 Th. Every prism having a triangular base may be 
divided into three pyramids that have triangular bases, and 
that are equal to one another. 

Recite p. 34 of b. 1 ; p. 14, and cor. 1, p. 8 of thia. 

16 Th. If from any point in the circumference of the 
base of a cylinder, a straight line be drawn perpendicular 
to the plane of the base ; that line will be wholly in the 
cylindric superficies. 

Becite def. 14 of this, p. 6, 14 last article. 

17. Th. A cylinder and a parallelepiped having equal 
bases and altitudes, are equal to each other. 

Recite cor. 1, p. 4 Qa. Cir., p. 16, and cor. 2, p. 8 of this. 

18 Th. If a cone and cylinder have the same base and 
the same altitude, the cone is the third part of the cylinder. 

Recite p. 4 Qa. Cir^ p. 15 of this. 

19 Th. If a hemisphere and a cone have equal bases 
. and altitudes, a series of cylinders may be inscribed in the 

hemisphere, and another series may be described about the 
cone, having all the same altitudes with one another, and 
suoh that their sum shall dififer from the sum of the hemi- 
sphere and the cone, by a solid less than any given solid. 
Recite def. 7, 11, 14, and p. 13 of thb. 

20 Th. The same things being supposed as in the last 
proposition, the sum of all the cylinders inscribed in the 
hemisphere, and described about the cone, is equal to a 
cylinder, having the same base and altitude with the 
hemisphere: 

Becite cor. 3, p. 6 Qa. Cir. 

21 Th. Every sphere is two-thirds of the circumscrib- 
ing cylinder. 

Recite p. 18, 19, 20 of this. 



THE END. 



Te the Officers (tnd Teachers of the PiMic Sc^oois^ and Prm* 
cipals of Academies. 

Gentlemen, — ^The subscriber has the honor of submitting 
to your consideration, a cheap, simple and practicable plan of 
teaching the entire elements of geometry to very young learn^ 
ers, wiUioTit changing the approved 'order of Euclid. 

These elements belong to the education of the operative 
classes, whose business is to contend with the resistance of 
matter, not less than to the liberally educated : for, in the one 
case, they describe the co-operative tendencies of natural ac- 
tion ; and in the other, they furnish the best model of reason^* 
ing on every subject of human knowledge. 

Why, it may be asked,*is geometry so slightly peussed over, 
89 though it were subordinate among scholastic studies ? The 
reason is briefly this : the elements and the arguments are 
locked in the same form ; and the alternative presented to the 
sdiools is-^-a^, or none. Hence it is that geometry is so little 
known — so little appreciated as a branch of popular instruc- 
tion ; that while other branches are cultivated to the summit 
of perfection, and often well over it, to continue the simile, 
in adapting them to all ages and tastes, this subject has been 
neglected. The book-makers have not attempted to reduce it 
to a condition which might secure the general diffusion of 
these elements in the schools. 

The pUn now respectfully submitted, proposes to teach ge- 
ometry as grammar or geography is taught ; that is, by ques- 
tions: to which 'may be added the peculiar advantage of draw- 
ing the diagrams on slates. This, it is believed, will remove 
all the difficulties connected with this essentially important 
study ; and the introduction of these elements will improve 
the character of the schools. 

The subscriber has pursued this subject for many years, 
conscientiou^y, and to his own disadvantage. Should it, 
therefore, seem proper to your Boards tp adopt his plan, he 
will feel gratified in the assurance that he has not .labored in 
vain to extend the basis of useful knowledge. 

The publishers are prepared to supply the schools on mod- 
erate terms. 

With very high respect. 

Your obedient servant, 

D. M'CURDY, 
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RECOMMENDATIONS OF THE CHART AND 
FIRST LESSONS. 

PmadelpkU, Jmmarf 31, 1845. 

Mft. D. M'CvKDY, — Dear Sir : — I have examined the Chart of Geo- 
netrieal Diagrams, and Bo^''of Fint LeMona, which yoa were bo kind 
M to aubmit to my inopectioiL Aa the main design appean to be to fo- 
miliarixe pupila with the aeveral propositions of Euclid's elenient»-<4o fix 
their demonstrations on the mind, by making the reference to the pre* 
oeding propositious easy and eiq^editious ; — and save the time usually 
inent in drawing figines repeatedly, in the manner usually prevalent ; 
1 conceive that it must commend itself strongly to the atlsntioa of teach- 
ers having large numbers of studanta inAhis branch, whose ttme they 
would ec(Miamize, and whose actpiisitions they would render permanent 
Respectfully yours, 
WALTER R. JOHNSON, 

TmL Math. Franklin IiMtKote, Fhila. 

The following leatlemen have eicpressed their concanenoe in tba 
recommendi^n of Professor Johnson, namely : 

SETH SMITH, T^adier of Friends' Pnbac Schod, Green St Fhihu 
JAMES RHOADS, Principal of N. W. Grammar SchooL 
A. T. W. WRIGHT, Principal of the Model School, Philada. 
NICH. H. MAGUIRE, Principal of Coates St. Grammar SchooL 



PkOadelphia, Feb, 19, 1845. 

I conceive that the Chait of the dia|rrams of Euclid, with the accom- 
panymg book of first Lessons, oontaimng the propositions, Ac might be 
laed to some extent in the Grammar Schools of Philadelphia, without 
detriment to the other branches of edueation taught therein ; and that 
its introduction would conduce to the diffusion of the elements of Geom- 
etry among a class of the community whom the present pnrrislons never 
reach. 

JOHN M. COLEMAN, 
Principal of the Ne# Market Street Grammar School, FhiU. 

Cvneurrent : 

TIMOtHY CI/>WES, LL. D., Principal of JeBtoon Gtammar 
/School. 

P. A. CREGAR, Principal of the S. E. Grammar School, Phila. 

WM. ROBERTS, Principal of the Moyamensing Grammar School 

W. J. KURTZ, Principal of Falls Public Scfaocrf. 

ANDREW CROZIER, Principal of the Reed St Gram. Sohool. 

SAML. F. WATSON, Principal of Catherine St Gram. SchooU 

CHARLES HOAG, Principal of the Lower Dublin Gram. SchooL 



I ooidS^lty concur m the opmion of Mr. Coleman, respecting the ad- 
intage which would lesult from the ose of Mn. M'Cubi^t's plan of 



vantage 
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tencbing Geometry, in the Public Schools, of the City and County oC 
Philadelphia ; and indeed in all other schools of like grade. 

JAMES M'CLUNE, 
Principal of the Master St Grammar School. 
Concurrent : 
JOSHUA RHOADS, M.D., Principal of Palmer St Gram. School. 

A. H. BROWN, Principal of Zane St Grammar School. 
W. W. WOOD, Principal of S. W. Grammar SchooL 
W. H. PILE, Principal of N. E. Grammar School. 

B. E. CHAMBERLIN, Principal of Buttonwood St Gram. School 
W. S. CtEAVENGER, Principal of Locust S\, Gram. SchooL 



Central High Sehool, Philadelpkia, February 24, 1845. 

Having examined a Chart of Geometry, prepared by Mr. D. M'Cur- 
DT, containing the diagrams and propositions* of^Euclid, in the order of 
Simaon's and Playfair^ editions, we are of opinion that the use of it, aa 
*< First Lessons," in schools, would conduce to the more general diffusion 
of Geometrical knowledge, and be very helpful to Chose who may want 
the time and faciKties for a more liberal Mathematical education. The 
Chart appears to be correct and neatly executed. 

E. OTIS KENDALL, 
Prof, of Theoretical Math, and Astronomy. 
WILLIAM VOGDES, 
. Professor of Practical Mathematics. 



Laneaeter, Pa. March 1, 1845. 
I concur very cordially with Professor Johnson of Philadelphia, in the 
recommendation of Mr. M'CuanT's Greometncal Chart, No. I. 
DANIEL KIRKWOOD, 
Principal of the Male High School of Lancaster. 

I hayo examined the Chart of Geometry^ No. 1, and feel wananted. 
in adding a cordial cononrrence with the I^fessors and Principals, who 
have subscribed their names ui testimony of its great utility. 

JAMES DAMANT, 
Principal of the Ladies' Seminary of Lancaster, Pa. 



The Committee on books of the Public Schools for Lancaster County, 
consisting of the Rev. Clergy of the City of Lancaster, passed a resolu- 
tion on the day above mentioned, to recommend the adoption of the. 
Geometrical Charts to the Board of Directors of which they are a Com- 
mittee. 



Columbia, Lancaster County, Pa. March 4, 1845. 

I have exammed the Chart of Geomctiy prepared by Mr. D. M'Cur- 
DT, exhibitmg the diagrams and propositions in the Order of Simson's 

» The uopositleM were attadied to the first'iflate of the Chart, whkh an now 
Mtttainea ift tbe. book, eaaed '' Jint Leasottk" 
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mad Flayfiur's CaeBd, and pnmoonce h mpetkae to any work of the Idnd^ 
that haa come to mj Imowledge, for facilitating the atndy ^fi thoae 

THOMAS W. SUMMERS, 

Principal of the CnUimbia Academy. 

I am deoideiDy of opinioB, that the Chart of Geometry, in ihe hands 
of judidoas teachers, woid4 he yery uaefnl in onr l*riniary Schools, in 
ghiAg to the young tfome knoidedge of this important branch of science. 

STEPHEN BOYER, 

Principal of York Co. Academy. 

Mareh 5, 1845. 

I cordially concur wiCh the Rev. Mr. Boyer, m the opinion that Ma. 
H'CuanT's plan of teaching Geometry could be used to great advantage 
hi onr Primary Schools of the South Wardi also that it would facilitate 
Ihe study more than the usual books, and with less expense. 

WILLLAM R STOUCH, 

Teacher, York, Penn. 

WaMngtofh Mareh 18, 1845. 
Dbas Sm :-— I have examined your Geometrical Charts, and am mtoeh 
pleased with the plan, and arrangement ; and believing it to be the very 
DMt system to instruct the youthftd mind in the principles of this inval- 
uable science, I will introduce a bill into the Councils next Monday, to 
make appropriation for the purchase of a set of those Charts, for each of 
our Public Schools. The sim^e fact of havmg those figures before the 
eyes of the children familiarizes their minds with them ; and the ques- 
tions they will naturally ask in relation to them, will so impress them on 
their minds, that the study itself m more advanced years will be com- 
paratively easy. In ^t I consider Uie pictc^al ^dan of mstmetion aa 
much of an improvement on the old system, as steam and magnetism' 
are on the plans of locomotion. 

Very truly, your friend, 

JOHN WIliSON, 
Alderman of the Sec(«id Ward^ Washington. 
D. M^Curdy, Esq., Washington, n. C. . 

The Mayor of Washington certifies that on the 2d of June, the Board 
of Trustees <M^ered the purchase of a set of the Charts, &c., for each of 
the Public Schools. 



RfpeetfvUy mAmited to the Secretary of War, 

The coone ef practical Geometry, after the method of Mr. M'Curdhrt 
may be introduced with advantage amongst the non-commissioned offi- 
cers and soldieiB of the army. 

We have achools at many of our military posts, where die men se- 
oeive gratuiteus hiBtruction ^om their ofBoers, in the eniinnry b^andn* 
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^ an EngKali adue^tioii ; and I wonld repaid the addUion of Mr. M'Cvr- 
dy*B Geometrical Charts, as an important first step, towards brmgiog 
into oar service, a system of instruction kindred to that adopted for tha 
noa-oonunisBioned officers of the British army, and with ao much sac* 
tmt, at the Royal Mifitaiy School of Woolwich. 

WINFIELD SCOTT. 

May 31, 184$. 
A tnye Qopy. H. "L, Stiorr, Aide-denSAmp. 

Tb0 Chart and Fiiat Leisona have bean Introdneed into the Unioti 
Fnhlic Schools, and several pQvate Academies in Wilminffton, DeL 
Ah» in Georgetown, D. C ; in Camden and Bnrlington, N» J. ; in 
Frankfoid, Geimantowa and Bristol, Pennsylvania; and m several 
Academies in Philadelphia. And the Coaunissioners of Public Schools in 
the city of Baltimore, in August last, ordered the Charts and FinBt Lee* 
ione to be used in the schools of that city. 



New York, Oct l^K 1845. 
We have exammed M'Cnrdy's Chart of the diagrams of Euclid, and 
the book of " First Lessons" poimeoted therewith ; and thmk his plan 
well adapted to the purpose of teaching large classes, and children of 
immature minds. Its use i9 a deMaratum in the schools. 

(Signed^ DAVID PATTERSON, MJ>. } Teachen of the Maio 
JOSEPH M'KEEN, A.M. ( Normal* School 
LEONARD HAZELTINE, > Teach, of the Female 
WILLIAM BELDEN, A.M. ] Normal School 

Concurrent ISAAC F. BRAGG, Prin. Male High Scho(d. 

JAMES N. M'ELLIGOTT, PrinJftech. Soc. School. 
MILTON C. TRACY, Prin. Mech. Inst School. 



I have examined M'Cnrdy's " First Lessons and Chart ;" and have 
no hesitation in stating my belief, that they will prove a valuable auz* 
Hiary to tiie acquisition of the hnportant study of Geometry. 

(Signed) JOHN W. KETCHAM, Prin. Pub. School No. 7. 

Concurrem. JOHN PATTERSON, Ptol ?ablic School Na 4. 



Mr. FouucE^^Dear Sir, — ^^r. M*Curdy will show yon a map to 
fiicUitate the study of Greoinetry, with a very concise little work on the 
subject, which we, the school officers, thmk well o£ If you approve of 
the eame, I authorize you to talce one set of the maps and a dozen of the 
books, and send the bill to me. ' Youn, truly. 

HENRY NICOLL. 

Tuesday, Nov. 11, 1845. 

Havmg hastily examined the work above refened to, I have no hesi* 
tion k laying, that l! thmk the plan of the author well adapted to thft 

' In tiMse lastttattoDs teadwii am pnpaied te tlw PattUe Beiioois^-^ 



72 BECOMHENDATIONS. 

porpOM of teacUiig G«ometiT to laig« clflunes of pupHs who are about 
entering npon the study of thw important science ; and of supplying a 
nanifeet &fect now existing in our schoola 

THOMAS FOULKE, Prin. W. School No. 14, N. T. 



We have examined the Chart of Geometry and " Book of Fixst Lee- 
Mns," prepared by D. M'Curdy, and believe them to be well adapted to 
the purpose of teaching this science in pnUic schools. In our opioion, a 
pupU, fay* using these chests, and aided by the teacher, will obtain a 
dearer idea of Geometry, besides saving time, than by any other method. 

WM. KENNEDY, Prin. W. School No. 2, N. Y. 

JOHN J. DOANE, Asst. W. School No. 2. 



The undersigned, meraben of the Book Committee of the Ward 
School Teacheni' Association, having examined a chart of the diagrams 
of Endid, connected with a book called ** Fust Lessons," and prqiared 
for public schools hyHf.V. M'Curdy, respectfully 



That the design of said book and chart appears to be to supply a de- 
feet in the elements of a sound practical education, the existence of 
which your committee most readily admit. The cause of this defect, 
however, is not in the want of books on Geometry ; but in the oj^res- 
sive strictnefli in which the subject is usuaHy presented to beginnerB. 
The plan now presented obviates this difficulty by omitting the demon- 
strations, and requiring learners to read the propositions, recite the proofs 
and draw the diagrams, as occasional exercises, on slates. Questions 
are also suggested to teachers in view of the book and chart, which, if 
followed out, must inevitably render the subject familiar to both teach- 
ers and pupils ; and prepare them to demonstrate the propositions of Eu- 
clid with facility and success. Your committee therefore recommends 
this work to the patronage of the Association as worthy of its unan- 
unous support, and offeis the following resolution: — 

Resolved, That this Association recommend M'Curdy's geometrical 
ehart of the diagrams of Euclid in connection with the book of ** Fhst 
liOSBons," with a view to their introduction mto the Ward Sdiools of 
this city. 

r SENECA DtJRAND, 
Ri«m«i E. H. JENNEY, 
^^^' ' JOHN WALSH, 

.EDWARD M'lLROY. 

At a regular meeting of the Ward School Teacher^ Associatioii on 
the 17th Dec., 1845, the above report of the committee was approved 
and thft rssohition manimously adopted. 

JOSLAH RICH, Ffteldent W. S. T. Amk 



FURTHER DIRECTIONS FOR THE USE OP THE CHART OP 
GEOMETRY AND BOOK OP PIRST LESSONS. 

ReapectfuUy submitted to the Officers and Teaehtre of the Public Schoolf, 

Gentlemen, — In reply to a question proposed, How are the Chart and 
First Lessons, to be used T—pennit me to explain in a few woids. 

Each student requires a copy of the book ; one chart will be sufficient 
for a large class. The students read the definitions, postulates, axioms 
and propositions, m order; and recite the proo& at each proposition, as 
directed. The teacher should not embarrass himself or his class, by ex- 
acting from them more than they can perform : he ought not to stop, in 
the first course, except to explain the meaning of terms. The object is 
to make the enunciations familiar to the students. The six books of 
Euclid and plane trigonometry occupy forty-three pages; these may be 
read and recited eveiy six months, without any material abatement of 
other studies. 

In the second course of reading, slates and pencils may be used : — ^in 
order to draw a straight line from one point to another — to produce the 
same in a straight line — ^and to describe a circle about a point with any 
radius. This is the permission sought in the postulates ; and it embraces 
every thing that is to be done by hand. 

Next, in connection with the definitions, the class draws straight lines, 
parallel, and at riffht and oblique angles^ to each other; also radii, diam- 
eters, and other chords in a circle ; — triangles equilateral, isosceles and 
scalene — ^right angled and oblique ; — squares and other rectangles, rhom- 
buses, rhomboids, and a variety of trapezia: then they should make sev- 
eral angles at the same point, and read them distinctly by their proper 
letters. In short, the class should draw every line and figure spoken of 
in the definitions, and call it by its proper name: for then they will take 
an interest in it as their own production. 

In view of the axioms, eveiy relation should be expressed by appropri- 
ate lines, angles, or areas; illustrating each according to the tenor of it: 
this exercise will impress the use of these simple propositions upon the 
learner's memory, and be to him a pleadng introduction to th^ process of 
ratiocination : axioms are always invincible proofii. 

The teacher will now direct the class to copy from the chart as many 
of the diagrams as he tiiinks proper for the day's lesson : he will examine 
whether they have done it well or ill ; and ask, in relation to each diar 
gram, what proposition it illustrates, and what ])roo& are adduced ; — all 
of which the class will answer: and as they recite proof after proof, he 
will point to the proper diagram on the chart, and say — " This is the il- 
lustration — How does it apply to the easel" He cannot expect an- 
swers in all cases : but the question will elicit attention. 

The definitions and axioms are properly quoted as proofs: for although 
they are not separately represented im the chart, they are found all over 
it. The postulates prove only this, that the ^meter asks perimssion to 
draw sucn lines as he requires : the fact of his drawing them shows that 
heh ' ' 
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' Some of the clemente wfc of more general use in demonstrntionB ihwi 
othcTB, and are more frequently quoted. Of such is the equahty of radu ; 
— of tnangles identical (as in p. 4of b. 1), and thoeeupon the same or equal 
bases and%etween the same parallels ; also of parallelograms m similar 
case — of angles by position vertical and opposite, alternate, and m alter- 
nate segments of a circle made by a chord meeting a tangent, mtenor, 
exterior and adjacent ;— of the opposite sides and angles of paraUelograms ; 
—of the square of the side subtending to the squares of the sides containing 
a right angle;— of the squares and rectangles upon lines divided equaUy 
and unequally, or bisected and produced ;— of ratios; and of similar recti- 
lineal figures. These equals are among the most useful of the elements, 
and wm claim the learner's attention. 

The object of the First Lessons is to furnish the eniire text, unerwumr 
bered with amment, which ha* ever precluded the general diflfuaon of 
these useful elements. The chart furnishes the diagrams, as an auxiliwy 
to the acquirement of the text, v^hich is the great desideratum. They do 
not speak from experience who say that students cannot learn the enun- 
ciations without the demonstrations: their doubts, however, vnll be re- 
ceived as arguments only by the indolent, " who stand by the brook un- 
til it shall have discharged all its waters." On the other hand, no one 
will pretend to say, that the demonstrations can be effected without that 
familiarity with the propositions provided for in the Chart and Fust 
Xiessons. i. u t • 

The time has arrived when the elements of geometry should obtain a 
place in the common education. Abstracts for the use of Surveyors, 
Navigators, Builders, &c., are insufficient: the qualification for an occu- 
pation, or office, «hould precede the exercise of it, and be the common 
portion of junior citizens. The old plan proves to be iznpracticable by the 
public destitution of this most useml knowledge : and it is by far too 
costiy for large schools. The plan here proposed is accessible to every 
reader, and requires only the test of experiment. A book worth 25 cents, 
in the hands of wilhng teachers, will effect the general diffusion of these 
inestimable elements of natural science in the schools : not merely in view 
of the future occupations of the students; but as tiie basis of that general 
knowledge required by every citizen of the United States ;y— as the best 
remedy for the contagion of the turbid streams now inundating town and 
country under the name of literature; which xobs ^outh of its time for 
improvement, and leads many into tiie imitation of wses, at least palliated 
if not approved. 

In regard to the manner of using the Chart and First Lessons^ it would 
seem unnecessary to say more. The pre&ce to the book contams forma 
of questions appficable to the diagrams and propositions. We shall add 
the substance of the foregoing directions. If any difficulty remain, it 
must be that of invincible mcrrauUty : for what can be more simple than 
to read the book and understand wluit you can of it; — to repeat the same 
■nd leam more and more ; — Co follow out the directions given and make 
your knowledge perfect 1 

The readings and recitations are all the text of Euclid, without 
comment ;— the coUeetive wisdom of the past : b^ which the remote parts 
of the earth have been discovered, rendered hamtahle, and adorned with 
cottages, ciliM and tem|de8 to the praise of Him who reigns. 
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OLMSTED'S NATURAL PHILOSOPHY : 
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Compiled from various authorities, by Denison Olnisted, 
A.M., Professor of Natural Philosophy and Astronomy 
in Yale College. 1 vol. 8vo. Sheep. Price $3 00. 

The rapidity with which this work has been sold and introduced 
into various Colleges and Academies in the United States, is sufficient 
evidence of the estimation in which it is held. 



OLMSTED'S ASTRONOMY: 

For the use of Colleges. By Denison Ohnsted, 8 vo. Sheep. 
Price $2 00. 

Nearly all who have written treatises on Astronomy designed for 
teachers, appear to have erred in one of two ways ; they have either 
disregarded demonstrative evidence and relied on mere popnlar illns- 
tradons, or they have exhibited the elements of the science in naked 
mathematical formulae. The former are usually diffuse and superficial ; 
the latter technical and abstruse. 

In the above work the author is thought to have fully succeeded in 
uniting the advantages of both methods. He has, firstiy, established 
^e great principles of Astronomy on a mathematical baids ; and, sec- 
ondly, rendered the study interesting and intelligible to the learner by 
easy and familiar illustrations. 
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OLMSTED'S SCHOOL ASTRONOMY : 
Containing the Elements of the Science, &miliarly explained 
and illustrated. With the latest Discoveries. Adapted 
to the use of Schools and Academies, and of the general 
reader. By Denisan Olmsted, A.M., Professor of Natu- 
ral Philosophy and Astronomy in Yale College. 12mo. 
Sheep. Price 75 cents. 

This work baring been used as a class book in many scbools and 
academies, the pablisbers have been favoured witb testimonials of ap- 
probation, among which are the following: — 

From Charles Henry AJden, Principal of the Philadeljphia High 
School for Young Ladies. 
I have examined with great care ** Olmsted's Compendium of At^ 
ironomy,*^ and have taken a highly intelligent class in my institution 
critically through it. We have long felt the want of a Text Book in 
this most interesting science, and the author of this merits the thanks 
of the profession for a Treatise so entirely methodical and lucid, and so 
admirably adapted to our more advanced classes. Judging of its mer- 
its by the interest evinced by my pupils, as well as from its intrinsic 
excellence, I cannot too strongly recommend its general adoption. 



From Samud Jones, A. 3f., Principal of the Classical and MathenuOr- 
ical Institute^ South Seventh StreeU Phil. 

I am using ** Olmsted's Compendium of Astronomy '* in my school* 
and fully concur with the Rev. Mr. Alden in his opinion of the work. 



From Charles Dexter Cleveland^ A. Jlf., late Professor in Dickinson 
College, Carlisle, Pa. 
Gentlemen, * 

i have 'not vanity enough, I assure you, to suppose for a moment 
that any thing I can say will add to the fame of Professor Olmstedo 
Works on Natural Philosophy ; but as you ad£ me my opinion of his 
•* Compendium of Astronomy," I will say, that I intend to introduce it 
into my school, considering it the best work of the kind with which I 
an acquainted. 

This work has also been very favoxirably noticed in various period^ 
cals. The fdlowing discriminating remarks from the New HavW 
Jleeord, are understood to be from the pen of ia able and experienced 
teacher of Astronomy. 
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Olmst£d*s School Astronomt. — It is with peculiar pleasure we 
notice the appearance of this work, small in size, but containing more 
matter than many larger books. There is probably no instructor of 
much experience who has not felt serious inconvenience from the want 
of a proper text book in this department of science, as taught in our 
academies and higher schools. The treatise before us, however, is one 
which, after a carefal perusal and the use of it as a text book, we can 
most cheerftilly recommend as eminently adapted to supply the va- 
cancy heretofore existing. Our author is particularly happy in the ar- 
rangement and division of the various subjects discussed ; each occupy- 
ing its appropriate place, involving no principle which has not been 
previously considered. He aims to fix in the mind the great principles 
of the science, first by stating them in the most concise and perspicuous 
terms, and then by lucid and familiar illustrations, without entering 
into an indiscriminate and detailed statement of a multiplicity of statis- 
tics, which only burden the memory and discourage the student. 

The learner is early made acquainted with the use of the globes, 
which greatly assists him in understanding the causes of various phe- 
nomena which otherwise would be wholly unintelligible. The student 
in his progress finds himself in possession of the keys of knowledge, 
and is highly pleased and encouraged in being able to anticipate effects 
and assign their true causes, which before seemed a mystery. Indeed, 
we feel assured, that this compendium need only be known to compe- 
tent and judicious instructors, in order to secure its cheerful introduc- 
tion into our schools and academies as an important auxiliary to science. 
Those who have had the misfortune to toil for many a tedious hour in 
treasuring up insulated facts in this science, without a knowledge of the 
principles upon which they depend, and consequently without any 
knowledge of the subject, will be fully convinced, after a patient peru- 
sal of the work under consideration, that the study of Astronomy is not 
necessarily dry and uninteresting, but that the difficulty arises in a 
great measure from an erroneous method of studying the subject. A. 



OLMSTED'S RUDIMENTS OF NATURAL PHILOSO- 
PHY AND ASTRONOMY: 

Designed for the Common Schools and yomiger classes in 
Academies, with numerous Wood Cuts. By Denison 

Olmsted. 18mo., half bound, cloth sides. Price 62i 
cents. 
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ELEMENTARY AND HIGHER GEOMETRY, TRIGO- 
NOMETRY, AND MENSURATION: 

In Four Parts. By Nathan Scholfield. (Each Part sold 
separately.) 

The above .is tlie title of a work just published, containing many 
valuable discoveries and improvements in mathematical science, espe- 
cially in relation to the Quadrature of the Circle^ and some other curves, 
as well as the cubature of certain curvilinear solids ; designed as a text 
book for Collegiate and Academic instruction, and as a practical com- 
pendium on mensuration. 

The first part consists of the £lements of Fulne Geometrt, and 
the mensuration of plane figures. 

The second part consists of the Elements of Solid Geometrt, and 
the mensuration of elementary solids. 

The third part treats of Sfueaical Geome-trt, Analttical, 
PxANE, AND Spherical Trigonometry, with their applications ; the 
application of Algebra to Geometry ; and on the Ellipse, Hyperbola 
and Parabola. 

The fourth part treats of the species and quadrature o£ the sections 
of a cone — ^the relations of cylindrical and conical segments and ungu- 
las — a new class of curvilinear solids termed revoloids, and of such 
other solids as are subjects of the Higher Geometry. Also, on some 
new curves termed the revoloidal curve, and curve of the circles quad- 
rature ; by the investigations of which, some important properties of the 
circle are developed, furnishing us vrith geometrical methods of approx- 
imating to the circles quadrature to any desirable extent ; and by the 
same investigations are developed means of computing the urea of any 
segment of a circle, when the arc of the segment and its sine are given, 
with as littie labour as that of a triangle whose base and perpendicidar 
are known. 

A new method of notation is also introduced, by which the relations 
of magaitudes, whose elements are a series of variable factors, may he 
intelligibly investigated ; by means of which notation,, is obtiuaed a 
definite expression for the circle's quadrature, in positive and known 
functions of the diameter. The first principles of the differential and 
integral calculus are introduced, and the principles on which most of 
the operations of that science are performed, are rendered more intelli- 
gible by means of the notation above referred to. The series cloM 
with the mensuration of such surfaces and soUds as depend on the 
higher geometry. 
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The Elementary parts of the series, are based on Legendre's Ele- 
ments, with various improvements and additions. This portion of the 
work, consisting of the first and second parts, is designed to be furmshed 
separately from the whole series whenever it is required, in order to 
render it available in the primary institutions, or where the elements 
of the subject only are wanted. 

1845 & 6. 
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use of Public Schools and Academies. By D, M^ Curdy, 
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COFFIN'S SOLAR AND LUNAR ECLIPSES 
FamiUarly illustrated and explained, ^ith the method 'of 
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THE NORTH AMERICAN ARITHMETIC. 
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By Frederick Emerson. Price 10 cents. 



PRESTON'S TREATISE ON BOOK-KEEPING : 
Comprising both Single and Double Entry ; being a new, 
enlarged, and improved edition. Half bound, cloth sides. 
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With duestions by Joseph Emerson* 12mo., sheep. 
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HALE'S UNITED STATES PREMIUM HISTORY, 

With duestions adapted to the use of Schools. 12mo. Half 
bound. Price 30 cents. 



THE MOUNT VERNON READER; 

Designed for middle classes, by the brothers Abbott. 18mo. 
Half bound. Price 34 cents. 



MURRAY'S SEQUEL TO THE ENGLISH READER. 
12mo. Sheep. Price 37J cents. 



ADDICT'S FRENCH ELEMENTS : 

For learning to speak the French Language, expressly 
adapted to the capacity of Children ; containing a table 
of the French sounds and articulations, with correspond- 
ing lessons in pronouncing and reading. 12mo. Half 
bound. Price 40 cents. 



KIRKHAM'S GRAMMAR: 

In familiar lectures ; containing a new systematic order of 
Parsing, exercises in fake syntax, and a system of Philo- 
sophical Grammar, in notes ; to which are added an Ap- 
pendix, and a Key to the exercises. 12mo. Sheep. 
Price 50 cents. 



THE GOVERNMENTAL INSTRUCTOR, 

Or a brief and comprehensive view of the Government of 
the United States, and of the State Governments, in easy 
lessons, designed for the use of schools, by J. B. Shurtleff. 
12mo. Half bound. Price 37^ cents. 



Collins^ Brother ^ Co, Neio York. 

DAY'S MATHEMATICS. 
One volume, 8vo. Sheep. Price $2 25. 



JUVENILE DRAWING BOOK. 

John Rubens Smith's Juvenile Drawing Book, being the ru* 
diments of the art, explained in a series of easy progres- 
sive lessons, embracing drawing and shading ; comprised 
in numerous copperplate engravings, with copious letter- 
press instructions. Large, folio. Price $3 00. 



PROGRESSIVE DRAWING BOOK OF FLOWERS; 

By James Andrews. American edition, beautifully coloured. 
Full cloth, stamped. 



THE OXFORD DRAWING BOOK : 

Co'ntaining Progressive Lessons on Sketching, Drawing, 
and Colouring, Landscape Scenery, animals, and the hu- 
man figure. Embellished with 100 lithographic draw- 
ings, duarto, cloth sides. Price $2 50. 



PRESTON'S INTEREST TABLES: 
At 6 per cent, per annum. 8vo. Cloth sides. Price $1 25. 



NO CROSS, NO CROWN ; 

By William Penn, 12mo. Half bound, cloth back, 45 
cents ; full cloth stamped, 56 ; sheep, 62^ cents. 



THE POWER OF DIVINE GRACE 

Exemplified during the last illness of William Chapman. 
18mo. Cloth. Price 10 cents. 
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ESSAYS ON THE PRINCIPLES OF MORALITY, 

And on the Private and Political Rights and Obligations of 
Mankind. By Jonathan Dyniond, Complete stereotype 
edition, 12mo., 576 pages. Price, half bound cloth back, 
50 cents ; full muslin, stamped, 62i cents ; sheep, raised 
bands, 75 cents. 

*' I have long entertained a very favourable opinion of Dymond*8 Es- 
says. The rules that he prescribes are strict, but so also are those of 
the Universal Governor. His spirit is kind and catholic, and I think 
that no one can attentively read his book without deriving profit from 
it. You have rendered a service to the moral interests of the country 
by giving this edition of so valuable a work to the public." 

JOHN PIERPONT. 

" The Work is one which should find a place in every School Dis- 
trict Library, as an invaluable compend of pure truth and sound ethics." 

SAMUEL S. RANDALL. 
Secretary's Office, Department of Common Schools. 

«< I think its circulation must have a very salutary tendency.** 

JACOB ABBOTT. 

" This very excellent work is not so well known, or so extensively 
read as it should be. It breathes the purest Christian spirit, and the 
most high-toned morality. It deserves a place as a household book on 
every one's table." — N. A. S. Standard. 

** This volume, beyond all comparison, is the best work upon the 
themes generally called * Moral Philosophy' in our language — and the 
person who has not studied it, is not a master of that most noble science. 
This is a neat editicm, and is more valuable and useful on account of 
the Index which has been added. We are rejoiced to see that the 
work is stereotyped, and therefore, that its cheapness will ensure its 
dissemination." — Christian Intelligencer. 
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In three Books. By Thomas A'Kempis. Translated from 
the Latin by John Paine, with an introductory Essay by 
Thomas Chalmers. 12rao., large type, neat cloth. 
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grams, Geological Cabinet, Numeral Frame, Map of the 
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